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Abstract

Polymers are good glass formers and allow for the study of melts near the glass transition in (meta-)stable equilibrium.

Theories of the glass transition imply such an equilibrium and can, hence, be tested by the study of polymer melts.

After a brief summary of the basic experimental facts about the glass transition in polymers, the main theoretical concepts are

reviewed: mode coupling theory (MCT), entropy theory, free-volume theory, the idea of a growing length describing the size of

cooperative regions, etc. Then, two basic coarse-grained models of polymers are described, which have been developed aiming

at a test of these concepts. The first model is the bond-fluctuation model on the simple cubic lattice; the second is a bead-spring

model in the continuum. While the first model is studied by kinetic Monte Carlo methods, the second is studied by molecular

dynamics simulation: the issue is addressed which aspects of the results are model-dependent and which aspects are generic and

should universally apply, including real materials. Attempts to include chemical detail in order to describe real materials are

discussed, too. It is shown that idealized MCT is a good description for the onset of slow relaxation (‘cage effect’) in the

discussed model polymer melts, but the singularities at the critical temperature of MCT are rounded, and the correct description

of the dynamics close to the calorimetric glass transition remains controversial. While the configurational entropy of the

polymer melt does decrease strongly when the glass transition is approached, evidence is presented that the ‘entropy

catastrophe’ of the theory of Gibbs and Di Marzio is an artifact of inaccurate approximations. Simulations of polymer melts

confined in a thin film geometry are also reviewed, emphasizing the question to which extent they shed light on the issue of a

growing glass correlation length.

Finally, we discuss the implications of the glass transition on the motion of polymers at larger length scales. It is shown that

for short (non-entangled) chains the Rouse model stays essentially valid, the friction coefficient reflecting the slowing down as

described by the a-relaxation, while for small-scale motions (e.g. b-relaxation regime of MCT) the connectivity of the polymer

is not very relevant. We conclude that the theories describe some aspects of vitrification phenomena correctly, but a unified

description that puts all these phenomena into one coherent framework, does not yet exist. q 2002 Elsevier Science Ltd. All

rights reserved.
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1. Basic experimental facts

Flexible linear macromolecules in the melt adopt a

random coil-like configuration, i.e. their square radius of

gyration is given by [1–3]

R2
g ¼ C1‘

2N=6; ð1Þ

where N ðN q 1Þ is the degree of polymerization; ‘; the

length of a monomer, and the characteristic ratio C1

describes short-range orientational correlations among

subsequent monomers along the backbone of the polymer

chain. In the dense melt, these coils interpenetrate each

other, and thus their diffusive motion is slow already at

temperatures far above the glass transition. If the chain

length N is still smaller than the ‘entanglement chain length’

Ne above which reptation-like behavior sets in [3,4], the

relaxation time describing how long it takes a coil to renew

its configuration is proportional to N2; b ¼
ffiffiffiffi
C1

p
‘ being an

effective bond length

tR ¼ zðTÞN2b2
=ð3p2kBTÞ; ð2Þ

where zðTÞ is the friction coefficient experienced by the

beads of the chain in their Brownian motion; kB; the

Boltzmann’s constant, and T is the temperature. The Rouse

model [3] that yields Eq. (2) also shows that the self-

diffusion constant of the chains scales inversely with chain

length

DN ¼ kBT =ðNzðTÞÞ; ð3Þ

while the melt viscosity is proportional to the chain length, c

being the number of monomers per volume [5,6]

h ¼ czðTÞb2N=36: ð4Þ

There exists ample experimental evidence [1–4] that Eqs.

(1)–(4) capture the essential features of (non-entangled)

polymer chains in a melt; however, recent simulations and

experiments [7,8] have shown that the relaxation of coils on

length scales smaller than Rg is only qualitatively described

by the spectrum of the Rouse modes, which we write first for

the discrete version of this model

tpðTÞ ¼ ½zðTÞb2
=12kBT�=½sinðpp=2NÞ�2

ðp ¼ 1; 2;…;N 2 1Þ:

ð5Þ

For p=N p 1 this simplifies to tpðTÞ ¼ tR=p
2:

On these intermediate length scales the structure of a

polymer coil is well described by the Debye function [1]

(since we discuss coarse-grained polymer models only, we

assume all scattering lengths to be equal and set that

constant to unity)

SpðqÞ ¼
1

N

XN
i; j¼1

kexp½i~q·ð~ri 2 ~rjÞ�l ¼ NfDðq
2R2

gÞ; ð6Þ
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fDðxÞ ¼
2

x2
½expð2xÞ2 1 þ x�;

~q being the wave vector ("~q being the momentum transfer in

a scattering experiment), and qb p 1 is assumed. In

contrast, the collective structure factor of a polymer melt

where one sums over all scattering centers N of all chains

in the system

SðqÞ ¼
1

N

XN
i; j¼1

kexp½i~q·ð~ri 2 ~rjÞ�l ð7Þ

hardly reflects the connectivity of the polymer chains, but

rather resembles the structure factor of small molecule

liquids. As an example, Fig. 1 shows the structure factor of

liquid and glassy polybutadiene, as obtained from neutron

scattering [9]. Note that SðqÞ is small for small q, reflecting

the fact that the polymer melt is almost incompressible. The

peak of SðqÞ at about q < 1:5 Å21 reflects the dense packing

of monomers in the melt, with interatomic distances

between each atom and its nearest neighbors of the order

of around 4–5 Å. Note that this ‘amorphous halo’ changes

very little when the melt undergoes its glass transition (the

small shift in the peak position with temperature seen in Fig.

1 simply represents the thermal contraction of the melt,

when the temperature is lowered). The second peak of SðqÞ

at still larger q is essentially independent of T in Fig. 1 and is

due to intrachain correlations in this example.

With a few notable exceptions like polyethylene [1],

polymers are very good glass formers. For some polymers,

such as atactic polypropylene or random copolymers such as

cis– trans polybutadiene, no possible crystalline state is

known at all. In these cases we strictly cannot even speak

about a supercooled liquid on approaching the glass

transition. Even when there is an ordered ground state

(crystalline or only liquid crystalline) for a specific polymer,

a kinetic hindrance for ordering is easily understandable.

In order to crystallize, a chain must change its random-

coil-like state in favor of one of its possible energetic ground

state conformations. Due to the packing constraints in a

dense melt this has to happen (presumably) in a synchro-

nized fashion with the surrounding chains. Thus, it is very

plausible that polymers are hard to crystallize—rather it is a

problem to understand the mechanism of crystallization

from the melt, in cases where it occurs [1]. Whether there is

no known ordered state at all or whether it is only kinetically

inaccessible, it is therefore easy to measure metastable

thermal equilibrium properties of polymer melts (specific

heat, entropy) over the entire range from the high

temperature melt to the glass.

As for glassforming small molecule liquids, the heat

capacity exhibits a (smeared out) step at Tg; with the usual

hysteresis between heating and cooling. The thermal

expansion coefficient shows a similar, rounded, step-like

behavior. For the crystallizable polymers one can estimate

the ‘configurational entropy’ of the polymer melt as one

does for glassforming small molecule liquids (the entropy of

the corresponding crystal is subtracted from the entropy of

the melt). One finds a monotonous decrease to a value at Tg;

which is about 1/3 of the corresponding value at the melting

temperature of the crystal [10]. Extrapolating this decrease

further to still lower temperatures, one would find a

vanishing of the configurational entropy at a Kauzmann

temperature TK [11]. Typically TK is 30–50 K lower than Tg

[12]. It is interesting to note that often TK is close to the

Vogel–Fulcher temperature TVF that is found when one fits

the Vogel–Fulcher relation [10–13] to the temperature

dependence of the structural relaxation time of the melt [14]

t ¼ t1 exp½Eact=kBðT 2 TVFÞ�: ð8Þ

Here t1 is a time characterizing microscopic relaxation

processes at high temperatures, and Eact an effective

activation energy. Qualitatively, this behavior is sketched

in Fig. 2(a), where also the predictions of the mode coupling

theory (MCT) [15,16] are included, since these are also

observed experimentally at least at a qualitative level [9,17,

18]. Although Eq. (8) often is used to describe experimental

data [10–14], we emphasize that Eq. (8) does not really

have a sound theoretical foundation, and there is also clear

evidence that Eq. (8) cannot describe experimental data very

accurately over a wide temperature range [19,20]. The

temperature TVF rather depends on the temperature interval

used for the fit. But nevertheless, it is gratifying that

different probes of dynamical behavior (viscosity, dielectric

relaxation, NMR, etc.) predict the same temperature

dependence of structural relaxation over a wide temperature

regime Fig. 2(b) [21].

An interesting exception, however, occurs for the self-

diffusion constant DN : if the Stokes–Einstein relation held,

one would expect that the product hDN =kBT is a constant as

the glass transition is approached. One rather finds [22,23],

however, that this product is a constant only at temperatures

not so close to the glass transition namely for about T p

Fig. 1. Static collective structure factor of polybutadiene at

temperatures T ¼ 160 and 280 K (note that the glass transition

temperature is Tg ¼ 180 K and the critical temperature of MCT is

Tc ¼ 220 K for this melt). The scattering background is not

subtracted here, thus the zero of the ordinate axis is not precisely

known. From Arbe et al. [9] with permission.
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Fig. 2. (a) Schematic sketch of the logarithm of the viscosity h (or the structure relaxation time t; respectively, assuming that h ¼ 1 P

corresponds to t ¼ 10212 s) of a supercooled glassforming fluid of small molecules plotted versus inverse temperature. From the melting

temperature Tm to the glass transition temperature Tg the viscosity hðTÞ rises by many decades. Here Tg is defined empirically by choosing

hðT ¼ TgÞ ¼ 1013 P (an analogous definition also suitable for high molecular weight polymers is to require that the structural relaxation time

t ¼ 100 s). Upper inset qualitatively illustrates the main prediction of idealized mode-coupling theory (MCT) for the relaxation function fqðtÞ

of density fluctuations at wave number q corresponding to the peak of the static structure factor SðqÞ: While fqðtÞ for T . Tc decays with time to

zero in two steps, for T # Tc it decays only towards the non-ergodicity parameter f. Lower inset shows the excess configurational entropy DS

(relative to the crystal) normalized by its value Sm at the melting temperature Tm plotted versus temperature. A linear extrapolation of DS versus

T yields the Kauzmann temperature TK; and often TK < T0; the temperature extracted from a fit of hðTÞ to the Vogel–Fulcher law, Eq. (8).

Question marks in the figure indicate that the validity of these extrapolations is questionable: below Tg there is a substantial temperature interval

where no data are available, and the precise values of T0; TK depend on the temperature range on which the extrapolation is based. (b) Logarithm

K. Binder et al. / Prog. Polym. Sci. 28 (2003) 115–172118



1:2Tg < Tc; while close to Tg this product increases by one

or two orders of magnitude. This phenomenon is interpreted

as one of the manifestations of dynamical heterogeneity [24,

25] of strongly supercooled liquids. At any particular instant

of time the system can be imagined decomposable into an

irregular arrangement of regions, some of which relax much

slower and some of which relax much faster than the

average. Since it is plausible to assume that translational

diffusion is controlled by the faster relaxing regions,

whereas the structural relaxation time, measured by the

viscosity, should rather be determined by the slow regions,

the violation of the Stokes–Einstein relation can be

understood as a consequence of this dynamic heterogeneity

at low temperatures [24,25].

An important aspect is also that the glassy state can be

reached on different thermodynamic paths, e.g. one can cool

down the polymer melt at constant pressure (which is most

often done, the pressure being simply the ambient pressure),

but it is also possible to keep the density constant during the

cooling process [26], or keeping the temperature constant

and reaching the glass transition by varying the pressure

[27]. It turns out that for all these paths the observed slowing

down is quite similar. Of course, when we cool down the

system at different constant pressures p, a pressure-

dependent glass transition temperature TgðpÞ is observed.

It is interesting to discuss what one should expect, if there

were in the temperature–pressure ðT ; pÞ plane a true

thermodynamic transition at T ¼ TtðpÞ underlying the

glass transition (the actually observed glass transition,

located, e.g. from the step in thermal expansion or heat

capacity, depends on the cooling rate G [11,13,14]: only in

the limit G! 0 could one expect that TgðpÞ converges

towards TtðpÞ). Assuming then that such an underlying

‘ideal glass transition’ is characterized by discontinuities in

the second derivatives of the thermodynamic potential, it

has been argued that Ehrenfest relations should hold

between these discontinuities, and a particular ratio of

these second derivatives, the Prigogine–Defay ratio [28]

should be unity [14]. However, it seems that all these

relations are violated [11], and the interpretation of this fact

still is under discussion [29].

Returning to the dynamical behavior near the glass

transition, we mention that a particular characteristic

feature is the ubiquity of the Kohlrausch–Williams–

Watts (KWW) stretched exponential relaxation [11,13,

14]. Relaxation functions fðtÞ; accessible via mechanical

relaxation, dielectric relaxation, multidimensional NMR,

neutron-spin echo scattering, etc. can be described, in

some time window, by

fðtÞ / exp½2ðt=tÞb�; 0 , b , 1: ð9Þ

The exponent b typically lies in the range 0:3 & b , 1;

and depends on the quantity that relaxes. While the

relaxation time t depends strongly on temperature, b

often is (at least approximately) independent of tempera-

ture (in some temperature interval). If so, fðtÞ exhibits a

scaling property called ‘time–temperature superposition

principle (TTSP)’ [11,13,14]. Note, however, that some

quantities, such as the coherent intermediate scattering

function fqðtÞ

fqðtÞ ¼
1

NSðqÞ

XN
i; j¼1

kexp{i~q·½~riðtÞ2 ~rjð0Þ�}l; ð10Þ

where the sum extends over all N scattering atoms in

the system, display a typical decay in two-steps (Fig.

2(a), inset). The relaxation in the intermediate plateau

region (‘b-relaxation’) is neither described by Eq. (9) nor

does time–temperature superposition hold, while both

properties apply for the long time, final relaxation (‘a-

relaxation’).

Finally, we emphasize that polymer melts have one

important advantage over small molecule fluids: varying the

chain length N one has a control parameter that affects

essentially only the configurational entropy of the chains,

but leaves enthalpic interaction parameters invariant (if

different energy parameters due to end-groups can be

neglected). This should provide a sensitive control par-

ameter to check theories. Experimentally, it was found (Fig.

3) that the main effect of varying N is a shift of the glass

transition temperature [13,30]

Tgð1Þ2 TgðNÞ / 1=N: ð11Þ

In this section, we have attempted to give only a very crude

survey of all properties that the various theories should

explain; more specific properties addressed only by some of

the theories are discussed in later sections.

2. Survey of some theoretical concepts

2.1. Mode coupling theory

MCT [15,16] is an approach based on a rather

microscopic description of the dynamics of density

fluctuations and correlations among them. Although the

theory has been formulated originally for simple (mona-

tomic) fluids only, it is believed to be of much wider

applicability.

For the spatial Fourier transform of a correlation function

of density fluctuations, the intermediate scattering function

of the segmental relaxation times for linear chain polymers plotted versus Tg=T ; defining Tg by the temperature at which t ¼ 102 s. Data are

obtained from inelastic neutron scattering (INS) for q21 ¼ 1 Å, from Brillouin scattering (Brill), from impulsive light scattering (ILS), and from

quasi-elastic neutron scattering (QENS) at the peak of the structure factor. From Angell [21] with permission.
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fqðtÞ; one starts from the following equation

›2

›t2
fqðtÞ þV2

qfqðtÞ þ zq

›

›t
fqðtÞ

þV2
q

ðt

0
mqðt 2 t0Þ

›

›t0
fqðt

0Þdt0 ¼ 0: ð12Þ

This is a generalized oscillator equation, the frequency Vq

representing the restoring force acting on a particle and zq is

a friction constant. The key quantity of the theory is the

memory kernel mqðt 2 t0Þ; which involves higher order

correlation functions and hence needs to be approximated. It

is expanded as a power series in terms of fqðtÞ

mqðtÞ ¼
Xi0

i¼1

1

i!

X
k1 ;…;ki

V ðiÞðq; k1;…; kiÞfk1
ðtÞ· · ·fki

ðtÞ: ð13Þ

The coefficients V ðiÞ of this mode coupling functional, Eq.

(13), are the basic control parameters of this ‘idealized’

version of MCT. Eqs. (12) and (13) amount to a set of non-

linear equations for the correlators fqðtÞ that must be solved

self-consistently. One finds that for certain choices of these

coefficients V ðiÞ these mode coupling equations lead to

solutions of the type (for t0 p t p t0s; these times are

specified below)

fqðtÞ ¼ f c
q þ hqGðt=t0;sÞ; ð14Þ

where f c
q is the non-ergodicity parameter; hq some wave

vector dependent amplitude; G a q-independent scaling

function of time; t0 a microscopic scale, and s/ 1 2 T =Tc

measures the distance from the singularity representing the

‘ideal’ glass transition. Namely, for s $ 0 one has

lim
t!1

fqðtÞ ¼ f c
q þ hq

ffiffiffiffiffiffiffiffiffiffiffiffi
s=ð1 2 lÞ

p
þ OðsÞ; ð15Þ

where the parameter lðl , 1Þ is called the ‘exponent

parameter’. For s , 0; on the other hand, one has limt!1 


fqðtÞ ¼ 0: For s! 0 the function Gðt=t0;sÞ can be written

in scaled form

Gðt=t0;sÞ ¼ lsl1=2g^ðt=tsÞ; s _ 0; ð16Þ

where

ts ¼ t0lsl
21=2a

ð17Þ

and the exponent a is related to l by

l ¼ ½Gð1 2 aÞ�2=Gð1 2 2aÞ: ð18Þ

For short rescaled times ð~t ¼ t=tsÞ one has a power law

decay

g^ð~tÞ ¼ ~t2a ^ A1~t
a þ · · ·; ð19Þ

where A1 is some amplitude. For large ~t; gþð~t !1Þ ¼

1=
ffiffiffiffiffiffiffi
1 2 l

p
; consistent with Eq. (15): the correlator

approaches structural arrest. The liquid solution, on the

other hand, exhibits another power law, the so-called von

Schweidler law

g2ð~tÞ ¼ 2B~t b
; ð~t q 1Þ; ð20Þ

where B is another amplitude, and the ‘von Schweidler

exponent’ b is again related to l; namely one has

½Gð1 þ bÞ�2=Gð1 þ 2bÞ ¼ l: ð21Þ

One can rewrite the von Schweidler law as follows, using

Eqs. (14), (16)–(18), (20) and (21)

fqðtÞ ¼ f c
q 2 hqBðt=t0sÞ

b
; ð22Þ

where t0s characterizes a characteristic time scale that

diverges as the ideal glass transition is approached from

above

t0s ¼ t0lsl
2g

; g ¼ 1=ð2aÞ þ 1=ð2bÞ: ð23Þ

This time t0s actually is the maximum time for which Eq.

(14) is valid, t0 p t p t0s:

Fig. 3. Glass transition temperature of polyvinychloride plotted versus reciprocal viscosity averaged molecular weight Mh: Full straight line

shows Eq. (11), while curve is the result of the theory of Gibbs and Di Marzio, which reduces to Eq. (11) for large N. After Pezzin et al. [30].
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It must be emphasized that all the singularities (Eqs.

(15)–(23)) hold only in the framework of the idealized MCT

asymptotically in the limit lsl! 0; and for lsl small but

finite corrections to these leading singularities should be

considered (and have in fact been worked out).

An even more important caveat, however, is the need to

consider the extended MCT, which considers the rounding

of the above singularities due to processes that have been

left out in the above simplified version of the theory. The

physical interpretation behind the mode coupling singular-

ities is the ‘cage effect’: particles are constrained in their

motion due to their neighbors that form a ‘cage’ in which

each particle is more or less confined. As the system gets

denser (or the temperature gets lower) structural arrest

occurs because particles can no longer leave their cage even

at infinite time, and this is the process modeled by the

discontinuous appearance of the non-ergodicity parameter

f c
q as limit of the relaxation for t !1 at s ¼ 0 (Eq. (15)).

However, this picture neglects fluctuations, where through

thermal activation a configuration can cross a high free

energy barrier in phase space and thereby escape from the

cage. The idea behind the ‘extended MCT’ is that such

activated processes which are termed ‘hopping processes’

need to be included. According to the present formulation of

extended MCT the rounding of singularities that occur in the

idealized MCT is described in terms of a parameter d that is

called the ‘hopping parameter’ and enters the scaling

function of the correlator as an additional argument

GðtÞ ¼ gðt=t0;s; dt0Þ ð24Þ

and GðtÞ is found as a solution of the equation

s2 dt þ l½GðtÞ�2 ¼ ðd=dtÞ
ðt

0
Gðt 2 t0ÞGðt0Þdt0; ð25Þ

subject to the initial condition Gðt ! 0Þ / ðt0=tÞ
a; while in

the idealized MCT the term dt in Eq. (25) is not present.

What is still lacking, however, is a more microscopic

justification of this ‘hopping parameter’ in terms of

microscopic properties of the fluid that is being described.

One would like to understand what kind of motion of the

particles corresponds to these ‘hopping processes’ and why

these processes seem to be very pronounced in some

glassforming fluids and not so much in others. In addition to

that, it is still unclear at present whether the proposed

extension beyond idealized MCT can successfully describe

the dynamics of supercooled liquids in the regime Tg #

T , Tc or whether the approach is insufficient.

2.2. Entropy theory

The entropy theory of Gibbs and Di Marzio [31] focuses

on the configurational entropy of polymers and tries to

provide a theoretical explanation for the Kauzmann paradox

[10,11,13], considering the canonical partition function of K

polymer chains of chain length N in a volume V

Z ¼
X
E

VðE;K;N;VÞ expð2E=kBTÞ; ð26Þ

where E is the internal energy of the system, and V the

microcanonical partition function (i.e. the total number of

states). For simplicity, a lattice with M sites is considered

with

M ¼ KN þ H; ð27Þ

H being the number of vacant sites (holes). Thus, it is

assumed that each monomer takes one lattice site, and each

polymer is represented by a self-avoiding walk of N 2 1

steps on the lattice. The entropy density s then is

s ¼ ðln VÞ=M: ð28Þ

In the thermodynamic limit M !1 one can consider s ¼

sðe; rÞ where e ¼ E=M is the internal energy per lattice site

and r ¼ KN=M is the monomer density, as a function of

temperature, of course, since e can be replaced by T via the

appropriate Legendre transformation. One then tries to

locate an underlying ideal glass transition at the Kauzmann

temperature TK; where the configurational entropy is

supposed to vanish, sðT ¼ TKÞ ¼ 0:

In the following we discuss the variants of an

approximate calculation of this configurational entropy,

due to Flory [32], Gibbs and Di Marzio [31] and Milchev

[33]. All three treatments write V as a product of an

intrachain ðVintraÞ and an interchain ðVinterÞ contribution

V ¼ VintraVinter: ð29Þ

Vintra accounts for the increase of the chain stiffness when

the temperature is lowered. Flory [32] described this chain

stiffening by an energy 1 which occurs if two consecutive

bonds along a chain are not collinear, while no energy

occurs if they are collinear. The flexibility f then is defined

as the probability that two successive bonds in a chain are

not collinear, z being the coordination number of the lattice

f ¼ ðz 2 2Þ expð21=kBTÞ=½1 þ ðz 2 2Þ expð21=kBTÞ�: ð30Þ

One then finds, neglecting excluded volume effects

Vintra ¼
KðN 2 2Þ

fKðN 2 2Þ

 !



1

z 2 1

� �ð12f ÞKðN22Þ z 2 2

z 2 1

� �fKðN22Þ

: ð31Þ

This binomial distribution can be interpreted as follows: it is

the probability of finding fKðN 2 2Þ out of KðN 2 2Þ inner

monomers at a kink along the backbone of chain. The a

priori-probability for a kink to occur is ðz 2 2Þ=ðz 2 1Þ

because there are ðz 2 1Þ different orientations for the next

bond, if immediate backfolding is forbidden, and ðz 2 2Þ of

these orientations are not collinear to the preceding bond.

The treatments of Flory [32], Gibbs and Di Marzio [31]

and Milchev [33] differ in the calculation of the second

K. Binder et al. / Prog. Polym. Sci. 28 (2003) 115–172 121



factor Vinter that describes the number of ways in which the

K chains can be put on the lattice

Vinter ¼ 22Kð1=K!Þ
YK21

k¼0

nkþ1; ð32Þ

nkþ1 being the total number of configurations of the

ðk þ 1Þth chain if there are already k chains on the lattice.

This factor is approximated by

nkþ1 < ðM 2 kNÞNN21
emptyzðz 2 1ÞN22

: ð33Þ

Here, M 2 kN is the number of empty sites after k chains

have been put onto the lattice. It constitutes the number of

potential starting points for the ðk þ 1Þth chain. The last

factor zðz 2 1ÞN22 represents the number of possibilities to

place the remaining N 2 1 monomers of the chain after the

first one has been put, forbidding only the immediate

backfolding of the walk. The factor NN21
empty then approxi-

mately accounts for the chains being self-avoiding and

mutually avoiding (Flory [32])

Nempty ¼ 1 2 kN=M; ð34Þ

or (Gibbs–Di Marzio [31])

Nempty ¼ ð1 2 kN=MÞ=½1 2 kðN 2 1ÞMz=2�; ð35Þ

or (Milchev [33])

Nempty ¼ ð1 2 kN=MÞ=ð1 2 k=KÞ: ð36Þ

The idea behind these corrections is that not all empty lattice

sites can serve as starting points for the new polymer, but

only those which lie outside of the volume already

consumed by the other k chains. Unfortunately, neither

Eq. (34) nor the other expressions for Nempty can be justified

with mathematical rigor. The validity of these theories a

priori is rather questionable. For both the approximations of

Flory [32] and Gibbs and Di Marzio [31] the entropy at low

temperatures is negative (in the limit N !1 and r! 1)

sðT ! 0Þ ¼ 21 ðFloryÞ; ð37Þ

sðT ! 0Þ ¼
z

2
2 1

� �
ln 1 2

2

z

� �

, 0 ðGibbs–Di MarzioÞ; ð38Þ

while Milchev’s [33] entropy stays non-negative ðsðT !

0Þ ¼ 0Þ: A comprehensive account of these different mean-

field-like theories has been given by Wittmann [34]. Our

presentation was very much inspired by this work.

The theory of Gibbs and Di Marzio [31] enjoys particular

popularity since it leads to several predictions which are in

accord with the experiment. An example is the molecular

weight dependence of the glass transition temperature, Eq.

(11) (Fig. 3). However, we see that Eq. (11) can be found

also for models for which the theory of Gibbs and Di Marzio

[31] is wrong, indicating that the success of this theory is

accidental.

Now it is clear that this theory can be criticized for

several reasons. One reason is that the chosen Hamiltonian

leads to a ground state where the chains are all stretched out

in a perfectly linear hard-rod-type configuration, forming

thus crystalline (or liquid crystalline) domains. On a lattice,

crystalline polymers and liquid crystalline polymers cannot

be properly distinguished, of course. In fact, crystallization

of polymers was the context of Flory’s [32] original theory,

and Monte Carlo simulations of this model have given

compelling evidence for this formation of crystalline/liquid

crystalline order at low temperatures [35].

This problem can be avoided by choosing a different

model that has no energetic tendency favoring orientational

order. Such a model is the bond-fluctuation (BFL) model

[36] described in Section 3. In this lattice model each

effective bond does not have the length of a lattice spacing

only, but rather longer bonds occur, and several bond

lengths are admitted: in the three-dimensional version on the

simple cubic lattice, bond lengths b are in the range 2 #

b #
ffiffiffi
10

p
[37]. This fact allows to choose a Hamiltonian

HðbÞ that depends on the bond length only, and in this way

one can create (at high enough densities) a tendency towards

glass formation when the temperature is lowered [38]. The

simplest model of this type is again a two-state model,

where a bond is in its ground state, if it has length b ¼ 3 and

is oriented along a lattice axis, HðbÞ ¼ 0; while otherwise

HðbÞ ¼ 1 [39,40]. Wolfgardt et al. [41] adapted the theories

of Flory [32], Gibbs and Di Marzio [31] and Milchev [33] to

the BFL model with such a Hamiltonian HðbÞ: Within the

approximation proposed by Gibbs and Di Marzio [31] also

for this version of the BFL model the entropy density s

decreases monotonously with temperature up to the

Kauzmann temperature TK (with sðT ¼ TKÞ ¼ 0Þ; below

which it becomes negative.

The different variants [34] of the entropy theories

discussed above are clearly subject to several criticisms:

first of all, the calculation of sðTÞ based on Eqs. (28)–(35) is

very approximate, the effects of excluded volume are

accounted for, at best, rather crudely. We shall come back to

this question in Section 4. Secondly, the theory described

above is a description for the fluid branch of the free energy

(and entropy) only. There is no guarantee that the fluid phase

is actually the thermodynamically stable phase (if we

exclude crystallization) down to TK where s vanishes: in

fact, a phase transition to another phase (i.e. the ‘ideal glass’

in thermodynamic equilibrium) could already occur at some

transition temperature T0 . TK:

Such a situation is known to occur in a model where the

one-step replica symmetry breaking solution is believed to

be the exact answer, namely the p-state Potts glass with

infinite-range interactions. The Hamiltonian of this model is

given by [42]

H ¼ 2
X
i,j

Jijðpdsisj
2 1Þ; ð39Þ

where the N Potts spins si ði ¼ 1; 2;…;NÞ that can take p

discrete values si [ {1; 2;…; p} interact with bonds Jij that
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are quenched random variables, distributed according to a

Gaussian distribution PðJijÞ;

PðJijÞ ¼
1ffiffiffiffiffiffi

ð2pÞ
p

ðDJÞ
exp{ 2 ðJij 2 J0Þ

2
=½2ðDJÞ2�}: ð40Þ

To ensure a sensible thermodynamic limit, the first two

moments of PðJijÞ are normalized as follows

J0 ; ½Jij�av ¼ ~J0=ðN 2 1Þ;

ðDJÞ2 ¼ ½J2
ij�av 2 ½Jij�

2
av ¼ D~J=ðN 2 1Þ:

ð41Þ

Choosing ~J0 , ð4 2 pÞ=2 this model exhibits a transition

from the disordered phase to a glass phase at a temperature

T0; which is second order for p # 4 and first order for p . 4:

The entropy density of the disordered phase in this model is

given by

s ¼ ln p 2
p 2 1

4
ðkBT =D~JÞ22

; ð42Þ

i.e. a Kauzmann temperature occurs at kBTK=D~J ¼

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp 2 1Þ=ln p

p
Þ=2: However, one finds always T0 . TK:

For p . 4 (where the glass transition is first order) two

additional characteristic temperatures occur, namely a

temperature Ts where a static spin glass type susceptibility

diverges

x21
SG ¼ ½1 2 ðTs=TÞ

2�; kBTs ¼ D~J ; 1; ð43Þ

and a temperature TD of a dynamical transition (from

ergodic to non-ergodic behavior), where the relaxation time

t of the spin-autocorrelation function of dynamical versions

of this model diverges

t/ ð1 2 TD=TÞ
2D

; ð44Þ

D being some dynamical exponent completely analogous to

the exponent g defined in Eq. (23). One always has TD .

T0 . Ts (while in the case of p # 4 we have TD ¼ T0 ¼ Ts;

of course). This situation is described qualitatively in Fig.

4(a) [43]. Both T0 and TD depend on p, their precise values

can be computed within the one-step replica symmetry-

breaking scheme only numerically [44].

Now the qualitative similarity between the spin-auto-

correlation function CðtÞ in Fig. 4(a) and the density

fluctuation autocorrelation function fqðtÞ in Fig. 2(a) is

not at all accidental: also the dynamics of the mean field

Potts model is described by idealized MCT [45]. Thus, this

model shows that the idea to have a critical temperature Tc

(or TD; respectively) where in the idealized case (neglect of

hopping processes in the fluid, or mean field limit in the

Potts glass, respectively) a divergence of the relaxation time

occurs (Eqs. (23) and (44)), and the idea that at a lower

temperature (Tg or T0 , Tg) a ‘static’ transition to an

equilibrium-type glass phase occurs are not at all mutually

exclusive. However, on the other hand, there is no proof

either that the static transition of the Potts glass indeed has a

counterpart in the problem of the structural glass transition.

After all, there is frozen-in disorder present in the high-

temperature phase of the Potts glass model by construction

(Eqs. (39) and (40)), while in a supercooled fluid above Tg

there is no frozen disorder. In addition, one does know

hardly anything about Potts glasses with short range

interactions and a large number of states [46].

2.3. Other theories

Spin glasses [47] are randomly diluted magnetic

systems, where the randomness in the remaining magnetic

interaction creates a ‘frustration effect’ (e.g. via competition

of ferromagnetic and antiferromagnetic bonds such that no

simple magnetic long range ordered structure can form)

which ultimately is responsible for a freezing of the spins in

a random arrangement at low temperatures. The increase of

the relaxation time as the ‘freezing transition’ is approached

in these systems has many similarities to the slowing down

at the structural glass transition, and this is the reason why

these magnetic systems are called spin glasses, although all

ions still sit on the sites of a regular crystal lattice.

Now in spin glasses it is well established [47] that the

slowing down is due to a critical divergence of static

quantities at a ‘freezing temperature’ Tf ; namely the non-

linear magnetic susceptibility xnl (/ð›4f ðT ;HÞ=›H4ÞT
where f ðT ;HÞ is the free energy density and H the magnetic

field) and (in systems with short range interactions) a spin

glass correlation length jSG :

xnl / ð1 2 T=TfÞ
2g

; jSG / ð1 2 T=TfÞ
2n
: ð45Þ

Note that jSG does not show up in any structure factor

accessible via magnetic neutron scattering, since the

latter technique measures correlations of the spin pair

correlation function, ½kSiSjlT �av; which remains short-

ranged. Here k· · ·l denotes the standard thermal averaging

in the canonical ensemble of statistical mechanics, while

½· · ·�av means an average over the quenched disorder in

the system. The correlation function which contains

information on jSG is of higher order, e.g. ½kSiSjl
2
T �av in

the simplest case.

In the framework of theories on spin glass dynamics, the

divergence of the relaxation time t then emerges usually

rather straightforwardly as a consequence of the associated

static singularities

t/ ðxnlÞ
D=g or t/ jz

SG ¼ ðjSGÞ
D=n / ð1 2 T =TfÞ

2D
: ð46Þ

Although the power law is similar to Eqs. (23) and (44), the

shape of the spin-autocorrelation function CðtÞ in the present

case is not similar to CðtÞ in Fig. 4(a), rather one has a

dynamic scaling form of the type

CðtÞ / t2x~fðt=tÞ for T ! Tf ; ð47Þ

x being some exponent and ~f a scaling function. Eqs. (46)

and (47) describe standard ‘critical slowing down’, an

unusual aspect being only the large value of z [47].

This behavior has prompted the search, both experimen-

tally [48,49] and theoretically [50,51], for a glass correlation
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length. Alternatively, such a length—if it is clearly

identified—could also be linked to the ‘size of the

cooperatively rearranging regions’, postulated already by

Adam and Gibbs [52]. While the experiments often yield

estimates that near Tg the glass correlation length j is of the

order of a few nanometers, they fail to provide evidence for

any critical behavior as described by Eq. (45). Of course,

noting that most glassforming liquids are composed of

molecules with a distinctly non-spherical shape, one does

expect some orientational correlations in the packing of

these molecules on the scale of a nanometer, and if

experiments reveal just this property, it is not clear whether

or not anything is proven about the glass transition.

Similarly, we consider the theoretical arguments in favor

of diverging glass transition correlation lengths not very

convincing, since they rely to some extent on phenomen-

ological models and/or arguments [50,51]. Note also that if

one should make a connection between the structural glass

transition and a Potts glass with the number of states p . 4;

rather than an Ising spin glass ðp ¼ 2Þ or a Potts glass with

p ¼ 3 or 4, one should not expect a divergence of any static

quantity at the glass transition. In view of this argument, we

consider the recent attempt to formulate theories for the

structural glass transition along such lines based on the

replica methods that were so successful for spin glasses [47]

as very promising [53], but we shall not describe these

efforts here either.

At this point we also mention that claims exist in the

Fig. 4. Qualitative sketch of the mean field predictions for the p-state Potts glass model with p . 4: Part (a) shows the glass order parameter,

qEA; which is non-zero only for T , T0 and jumps discontinuously to zero at T ¼ T0: The glass susceptibility xSG is finite at T0; its (metastable)

continuation would diverge at Ts , T0 in a Curie–Weiss like fashion (Eq. (43)). The relaxation time t diverges already at the dynamical

transition temperature TD . T0 (Eq. (44)). This divergence is due to the occurrence of a long-lived plateau of height qEA in the time-dependent

spin-autocorrelation function CðtÞ: Part (b) shows the entropy sðTÞ versus T: the entropy in the disordered phase has no singularity whatsoever at

TD; and when it is analytically continued to T , T0 (broken curve) it would vanish at TK: The true entropy in the glass phase (full curve for

T , TK) stays positive throughout. Note that the first order glass transition in this model neither exhibits a latent heat nor a jump singularity in

sðTÞ at T ¼ T0; unlike conventional first order transitions. From Brangian et al. [43].
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literature [54,55] that the critical power law t/ ð1 2

T=TfÞ
2D holds also for many glassforming fluids near Tg;

either with Tf ¼ Tg or Tf slightly below Tg (but distinctly

larger than TVF). It is not clear to us whether or not these

observations indicate important properties of the glass

transition, or simply reflect a phenomenological data fitting.

We would like to make the same comment about other

theories that yielded impressive fits of the viscosity hðTÞ or

the relaxation time tðTÞ near the glass transition, such as the

free volume approach [56], ‘energy landscape’ models [57]

and the concept of the avoided critical point [58]. For

example, in the latter approach one assumes there are

competing interactions of different range, such as in a spin

model with short range ferromagnetic interaction competing

with long range antiferromagnetic interactions. It is

argued that these models lead first to a growth of the

‘ferromagnetic’ correlation length up to a mesoscopic scale,

then the growth essentially stops (so a divergence of the

ferromagnetic correlation length is avoided) due to the

antiferromagnetic interactions, and rather the ferromagnetic

mesoscopic domains gradually saturate, and since they are

coupled this leads to very slow dynamics. However, this

phenomenological theory does not specify which degrees of

freedom in the liquid really are represented by these spins of

the spin model, and how it is possible that one does not see

any effects of this growing ‘ferromagnetic length’ in small

angle scattering experiments. One would expect that any

such degree of freedom is coupled to the density at least to

some extent, and then one should see this ordering in

scattering experiments. Note that anomalous small angle

scattering sometimes is observed (‘Fischer cluster’ [59]),

but this cannot be taken as evidence for this ‘avoided critical

point’ hypothesis, since the observations start far above Tg

already, do not show the expected temperature dependence,

and most importantly, the size of these clusters is too large

to allow for any such microscopic explanation. A further

serious argument against these models of Kivelson et al.

[58], in our opinion, is the fact that explicit studies of such

spin models with competing interactions do not yield the

anticipated behavior of the correlation length, but rather

show a first order transition (with latent heat) to a phase with

long range order of alternatingly oriented domains [60].

Such phases resemble the mesophases found in block

copolymer melts [61], but do not resemble a glass phase

at all.

Perhaps the oldest [62,63] phenomenological model is

the free volume approach [56,64], and it still enjoys some

popularity: the concept that local rearrangement motions in

dense systems require some empty space which can be taken

by atoms involved in this motion clearly is intuitively

appealing—in fact, one may also interpret MCT qualitat-

ively as structural arrest of molecules caused by lack of free

volume to escape their cages. The formulation of the free

volume approach, however, is not based on any microscopic

theoretical description of the liquid, but rather starts out

from more or less plausible phenomenological postulates.

For example, it is required that ‘molecular transport occurs

by the movement of molecules into voids, with a size greater

than some critical value, formed by the redistribution of the

free volume’ [63]. It is then suggested that in the liquid the

free volume accessible to the molecules forms a percolating

structure, and as temperature is lowered (and/or the density

gets higher), less and less free volume is available. In the

glass, free volume occurs only in small localized regions,

global rearrangements of the structure hence being arrested.

Unfortunately, the notion of free volume is somewhat

ill-defined. It has a precise meaning for lattice models

(occupancy of lattice sites) or for particles in the continuum

with hard-core potentials. For realistic situations, however,

some ambiguities of definition always remain. This problem

also exists for the attempts to ‘measure’ free volume

experimentally (analyzing diffuse scattering experiments,

positron annihilation studies, photoisomerization of probe

molecules, etc. see Ref. [64]). As Robertson [64] has put it,

‘a difficulty with using any of the above measures of free

volume is their general lack of internal consistency.’

Thus we give only a very condensed description of this

approach [11,56]. The average free volume �vf per molecule

is written as the total average molecular volume �v ¼ V=N;

minus a volume v0 occupied by the molecule itself, �vfðTÞ ¼

�vðTÞ2 v0: Assuming a constant thermal expansion coeffi-

cient ap at constant pressure, one can write this as �vfðTÞ ¼

vapðT 2 T0Þ; where �vðT0Þ ¼ vapT0 ¼ v0 defines v, and T0 is

the temperature at which no free volume would be left.

Assuming that the distribution pðvfÞ of vf in the liquids is

uncorrelated between different molecules, one obtains

pðvfÞ ¼ �v21
f expð2vf =�vfÞ: ð48Þ

Now it is argued that the rate of molecular transport is

determined by the probability to find a free volume

exceeding a critical value vc; i.e.

1=hðTÞ / expð2vc=�vfÞ ¼ exp{ 2 vc=½�vðTÞ2 v0�}; ð49Þ

which is known as Doolittle’s formula [65]. Using now �vf ¼

vapðT 2 T0Þ we obtain from Eq. (49) the Vogel–Fulcher

law, Eq. (8), with TVF ¼ T0:

Of course, this ‘derivation’ of the Vogel–Fulcher law is

by no means rigorous and hence numerous alternative

attempts to derive it have appeared in the literature. It is

beyond the scope of this review to describe all this work here,

and similarly we do not discuss all the interesting approaches

to ‘derive’ the KWW law, Eq. (9), and to correlate b with

other characteristics of the glass transition, etc.

In conclusion of this section, we wish to apologize to all

authors whose work has not been mentioned at all, and also

to those who were briefly mentioned with sceptical

comments: it is clear that for giving a detailed and fair

exposition of all the pertinent work, one would need to write

a whole book rather than a section of an article. Thus, we

had to constrain ourselves to mention just the background

necessary to follow the discussion of the simulation results

presented in the following sections.
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3. Models used in the computer simulations

3.1. General aspects of the computational modeling of

polymers

Polymeric systems are a particular challenge for

computer simulation, because there occurs structure on

many length scales, and the dynamics of long macromol-

ecules is already very slow at temperatures far above the

glass transition [66]. Even if one restricts attention to

flexible neutral linear macromolecules, one finds structure

from the scale of a covalent bond along the backbone of a

chain ð, 1 �AÞ over the scale of the persistence length ð, 10
�AÞ to the gyration radius of the coil ð, 100 �AÞ; see Fig. 5

and Ref. [67]. Collective phenomena—if they occur near the

glass transition—could possibly involve even larger scales.

But the situation is worse when one considers time scales:

there occur very fast motions such as the vibrations of the

length ‘ of a C–C bond (Fig. 6) or the bond angle between

subsequent covalent bonds; the time scale of such motions is

of the order of tvib < 10214 s or even less. However, already

the time scale for reorientation jumps in the torsional

potential (Fig. 6) is significantly larger: at high tempera-

tures, the average time between two such jumps typically is

of the order of t1 < 10211 s, but near the glass transition this

time is much larger. However, for equilibrating the random

coil configuration of a long polymer chain, a large number

of such jumps from one minimum of the torsional potential

to the next one is needed. Assuming that the chain length N

is smaller than the entanglement chain length Ne [3], this

relaxation time of a coil is just given by the Rouse time tR

(Eq. (2)), i.e. tR < t1N2; if prefactors of order unity are

ignored.

Suppose we would wish to study a chemically detailed

model of a polymer chain with 100 C–C backbone bonds

and a characteristic ratio CN ¼ 6 (C1 ¼ limN!1 CN ; see

Eq. (1)) using molecular dynamics (MD) methods. This

implies that the chain has roughly 15 statistical segments

and a Rouse time of about tR < 1028 s already at rather

high temperatures. Since the time step dt of a MD

integration (remember that MD means that the Newton

equations of classical mechanics for the many-body system

are integrated numerically [66]) must be shorter than the

shortest characteristic time scale, the typical choice for dt is

about dt ¼ 10215 s: To run at least as long as tR then

requires of the order of 107 MD time steps. Thus, it requires

already a major computational effort to equilibrate a melt of

rather short chains at fairly high temperatures—a sensible

study of the slowing down near Tc or even below Tc then

would be extremely difficult.

Fig. 5. Length scales characterizing the structure of a long flexible polymer in solution or melt, using polyethylene as an example. Note that the

persistence length characterizes the decay of orientational correlations along the chain backbone. From Binder [67].

Fig. 6. Schematic picture of the torsional potential of a polymer such

as polyethylene, indicating that transitions from one minimum of

the torsional potential to the next (such as trans [t ] ! gauche ^

½gþ; g2� transitions), which correspond to the rotations of mono-

mers relative to each other as schematically indicated, need the

thermally activating crossing of energy barriers. From Binder [66].
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In this situation, it is wise to abandon the idea of studying

well equilibrated polymeric melts near the glass transition in

full chemical detail, and rather introduce coarse-grained

models. The basic idea is (Fig. 7) [68] to integrate n

successive chemical C–C bonds into a single effective bond

between effective monomers. The chain length N of the

coarse-grained model then is no longer identical to the

number of backbone bonds N0 of the chemically realistic

description, but rather we have N ¼ N 0=n (n ¼ 3 in our

polyethylene example sketched in Fig. 7: actually choosing

n ¼ 5 is more useful in practice [66,68,69]).

Such coarse-grained models may invoke a lattice, as

assumed for the BFL model in Fig. 7, or live in the

continuum (e.g. an off-lattice bead-spring (BS) model [66]).

Of course, it is clear that by the choice of a coarse-grained

model some information is lost, although on large length

scales the chemically detailed atomistic model and the

coarse-grained model may be equivalent. For example, in a

dense melt the coils have Gaussian configurations and that

implies that the end-to-end distance R2 of a chain scales with

the chain length in the limit N 0 !1 as R2 ¼ C1l2N 0 (here l

is the length of a C–C bond and C1 is the characteristic

ratio). For the coarse-grained model, we have an analogous

relation R2 ¼ C0
1kb2lN; where N is the number of coarse-

grained monomers; b, the length of the coarse-grained bond

and C0
1 is an analogue of the characteristic ratio. However,

usually one cannot make an explicit connection between the

parameters of the microscopic model ðC1; lÞ and of the

coarse-grained model ðC0
1; kb2l1=2Þ: If one wished to predict,

e.g. the temperature dependence of C1 from the coarse-

grained model, one has to carefully construct effective

potentials VðbÞ; VðqÞ for the effective bond length and angle

between subsequent effective bonds in the mapping step in

Fig. 7. We shall discuss later some attempts to do this

explicitly. Of course, in these coarse-grained models such as

the BFL model or the BS model one needs also a suitable

effective intermolecular interaction between non-bonded

monomers. Typically, such effective intermolecular forces

are chosen completely ad hoc, and thus, no explicit

connection between the equation of state parameters of the

model (temperature, pressure, density) and of a real polymer

melt can be made: the simulation aims at a qualitative

explanation of phenomena rather than at a quantitative

prediction of numbers for the physical properties of a real

material.

While this focus on mesoscopic scales via a coarse-

grained model clearly is legitimate when one is concerned

with the discussion of phenomena at large length scales

(unmixing in polymer blends, mesophase formation in block

copolymers, etc. [66]), a priori it is not clear how good this

coarse-graining approximation is for problems such as the

glass transition of polymer melts: there the dense packing of

molecular groups on small scales is involved, as well as the

hindering of the motion of atoms and molecules ‘sitting in

cages’ formed by their specific local environment. Thus, we

shall pay particular attention to validate this aspect of the

coarse-grained models described here in this article. It is

also clear that the Monte Carlo simulation of atomic

hopping events disregards any inertial effects, no oscillatory

motions can be described, and hydrodynamic interactions

are all absent. Therefore, we shall compare in detail the

extent to which Monte Carlo simulations of dynamic

behavior in glassforming polymer melts and the correspond-

ing MD simulations of BS models actually agree with each

other.

If one accepts to work with such coarse-grained models,

it is clear that one earns distinct simulational advantages.

Through the associated rescaling of chain lengths, length

units and time units one has a better chance to reach an

experimentally relevant range. In addition, very fast

computer simulation programs can be devised [70]. A

particular advantage of Monte Carlo schemes is the ability

to choose arbitrary moves which need not correspond to any

Fig. 7. Use of the BFL model on the square lattice (or simple cubic

lattice, respectively, in d ¼ 3 dimensions) as a coarse-grained

model of a chemically realistic polymer chain (symbolized again by

polyethylene). In the example shown n ¼ 3 covalent bonds form

one ‘effective bond’ between ‘effective monomers’: chemical bonds

1, 2, and 3 correspond to the effective bond I, chemical bonds 4, 5,

and 6 to the effective bond II, etc. Each effective monomer blocks

all four sites around an elementary plaquette of the square lattice (or

all eight sites at the corners of an elementary cube in the simple

cubic lattice, respectively) from further occupation. The lengths and

orientations of the effective bonds are constrained to be taken from a

set of prescribed bond vectors, and one may choose potentials

depending on the length b of the effective bonds, and the angle q

between them. From Baschnagel et al. [68].
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physically occurring time evolution, but provide a fast

equilibration of the system. A good example for this is the

‘slithering snake’ algorithm, where an attempted move

amounts to remove a bond at one chain end and to try to re-

attach it at the other end in a randomly chosen direction.

Such moves are indeed very useful to provide well-

equilibrated configurations of polymer melts within the

framework of the BFL model; these configurations then can

be used as initial states for runs with the ‘random hopping’

algorithm [36–38,66], which models the thermally acti-

vated barrier crossing of the torsional potential (Fig. 6). Also

for the BS models the MD algorithms achieve a much larger

propagation in physical time units, since one can choose

much softer potentials than the rather stiff potentials for

bond length and bond angles in chemically realistic models,

and the absence of torsional potentials imply that two body

potentials suffice and thus, force computations are much

faster.

3.2. The bond-fluctuation model

As mentioned in Section 3.1, the BFL model is a lattice

model where each effective monomer occupies the four

corners of an elementary plaquette on the square lattice (in

d ¼ 2 dimensions) or the eight corners of an elementary

cube on the simple cubic lattice (in d ¼ 3 dimensions,

respectively). The algorithmic advantage of this model, as

compared to off-lattice models, is that the excluded volume

interaction among the monomers is simply implemented by

forbidding any double occupancy of each lattice vertex. The

set of bond vectors defining this model is chosen such that

for the random hopping algorithm the random motion of the

monomers cannot lead to any crossing of effective bonds. In

this random hopping algorithm, a monomer is chosen at

random, and then a lattice direction is chosen at random: in

the athermal case the monomer is moved in the chosen

direction by one lattice unit (Fig. 8) provided the new bond

vectors created by this move still belong to the allowed set,

and provided the excluded volume constraint is obeyed (i.e.

the new lattice sites taken by the effective monomer must be

empty). The set of allowed bond vectors now is chosen such

that no two chains can ever intersect by such a move, and

thus, chain connectivity is guaranteed automatically. In d ¼

2; this set of allowed bond vectors is

~b ¼ ½2; 0�; ½2; 1�; ½2; 2�; ½3; 0�; ½3; 1�; ½3; 2�; ð50Þ

where the square brackets denote the equivalence classes of

all vectors that can be generated from these basic ones by

applying all symmetry operations of the lattice. In d ¼ 3 this

set is

~b ¼ ½2; 0; 0�; ½2; 1; 0�; ½2; 1; 1�; ½2; 2; 1�; ½3; 0; 0�; ½3; 1; 0�: ð51Þ

Note that in this section the lattice spacing a is used as unit

of length throughout. While in d ¼ 2 this prescription leads

to 36 bonds with six different lengths and 41 different bond

angles, in d ¼ 3 we have 108 bonds with five different

lengths and 87 different bond angles. Due to this large

number of bond vectors and bond angles, this model

provides a rather good approximation of a true continuum

model (where arbitrary bond angles are possible) already.

The chain length was normally taken as N ¼ 10 (i.e. short

non-entangled polymers were studied) but occasionally the

range 3 # N # 25 was studied.

For a study of a temperature-driven glass transition, we

have to use an energy function involving finite energies, in

addition to the excluded volume constraint which is

equivalent to an infinitely strong short-range repulsive

energy. It is convenient to choose a Hamiltonian that

depends only on bond lengths (and eventually bond angles),

without a significant slowing down of the performance of

the code. A model with an attractive intermolecular

potential of intermediate range was implemented as well

[71], but in this case the code is distinctly more time-

consuming. Three choices of such Hamiltonians depending

only on intramolecular degrees of freedom were studied

Hð~bÞ ¼ 1ðb 2
ffiffiffi
10

p
Þ2; d ¼ 2 ðcase AÞ; ð52Þ

Hð~bÞ ¼
1 if ~b [ ½3; 0; 0� ðd ¼ 3Þ; ~b [ ½3; 0� ðd ¼ 2Þ

0 else

8<
:

ðcase BÞ; ð53Þ

while in case C the Hamiltonian contained both a bond

length potential UðbÞ and a bond angle potential VðqÞ; the

precise form of which is discussed in Section 7.

Fig. 8. Sketch of a possible configuration of monomers belonging to

two different chains in the BFL model of a polymer melt. For one

monomer of the lower chain, an attempted move is indicated, which

jump is forbidden, however, since it violates the excluded volume

constraint. The drawing also indicates the choice of a two-state

energy function, namely Hð~bÞ ¼ 0 if ~b ¼ ~bmin ¼ ð0; 0;^3Þa (or a

permutation thereof; the lattice spacing a henceforth is chosen

a ; 1) and Hð~bÞ ¼ 1 else. Note that bonds which take a ground

state bond vector ~bmin imply that four sites are automatically

blocked for further occupation (the four sites are highlighted by

empty circles). From Baschnagel et al. [39].
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In this last case, the parameters determining the

potentials are optimized such that physical properties of

real polymers are as well as possible reproduced. Here we

shall give details how this can be done for the case of

polyethylene [69]; an analogous modeling for the case of

bisphenol-A-polycarbonate has been described elsewhere

[72–74]. In all these cases, where an energy function as

specified in Eqs. (51)–(53) is present, one must also

compute the energy change DE; associated with the

attempted move, in cases where the attempted move

would be accepted in an athermal simulation (inverse

temperature b ¼ 1=kBT ¼ 0Þ: If DE is negative, the

attempted move is then also accepted in the case where

b . 0; while for DE . 0 the attempted move is only

accepted with probability expð2bDEÞ: As discussed else-

where [66,74,75], this Metropolis algorithm for a ‘dynamic’

Monte Carlo simulation not only ensures the approach to

equilibrium, but can also be considered as providing

numerical realizations of a master equation describing the

time evolution of the probability Pð~X; tÞ that a microstate ~X

(point in configuration space) occurs at time t. It is important

to note, however, that this equivalence holds only if an

undetermined physical unit of time is specified—the time

unit of Monte Carlo simulations is ‘Monte Carlo steps per

monomer’ (MCS); only when one matches the Monte Carlo

‘kinetics’ with the physical dynamics of a real system (using

experimental data) or with results from a MD simulation of

an atomistic model, gets this time unit quantitatively

specified. Very roughly, the coarse-graining illustrated for

the present model by Figs. 5–7 implies that the lattice

spacing corresponds to about 2 Å and 1 MCS corresponds to

10213 s (at melt temperatures much higher than the glass

transition temperature).

3.3. The off-lattice bead-spring model

The off-lattice BS model proposed for the study of the

glass transition by Bennemann et al. [76–80] is similar to

the BS model of Kremer and Grest [81] for athermal melts.

However, while the latter uses a purely repulsive inter-

molecular interaction, it is important to allow for inter-

molecular attractive forces, if one wants to study a glass

transition driven by temperature (keeping the pressure

constant or keeping the volume constant, respectively, [79]).

In the simulations, linear, monodisperse chains of length

N ¼ 10 were used, focusing again on the case where

entanglements play no role yet. All monomers interact by

means of a truncated and shifted Lennard-Jones (LJ)

potential

ULJðrÞ ¼ 41½ðs=rÞ12 2 ðs=rÞ6� þ C; r # 2rmin: ð54Þ

The constant C ¼ 0:00775 shifts the potential such that it

vanishes for r ¼ 2rmin ¼ 2 £ 21=6s; where rmin is the

minimum position. For r . 2rmin the potential then is

taken to be zero. Temperature and distances are measured in

units of 1=kB and s; respectively, and time is measured in

units of ðms2=1Þ1=2; where the mass is set to unity as well.

Furthermore, nearest neighbor monomers along the

backbone of a chain are bonded to each other by a FENE

(finitely extensible non-linear elastic) potential [81]

UFðrÞ ¼ 2
1

2
kR2

0 ln½1 2 ðr=R0Þ
2�;

R0 ¼ 1:5; k ¼ 30:

ð55Þ

With the parameters chosen, the superposition of the FENE

and LJ potentials leads to a steep effective bond potential

with a minimum at about bmin ¼ 0:96 (Fig. 9). The length

scale which is energetically preferred by the effective bond

potential thus clearly is incompatible with the length scale

preferred by the LJ potential ðrmin < 1:13Þ; as far as simple

crystal structures (face-centered cubic, body-centered cubic)

for the effective monomers are concerned. Of course, the

polymer melt still should be able to crystallize, if the chains

all stretch out linearly and then are packed together, such

that in planes perpendicular to the bond axis a triangular

lattice (with lattice spacing rmin) is formed. However, such a

liquid–solid transition of crystals from polymer melts is

strongly suppressed by chain connectivity, since the chains

have a random walk (RW) like structure in the melt and

there is no energetic tendency in favor of chain stretching in

our model. Thus, the incompatibility between the two length

scales bmin; rmin in our model creates the frustration that

prevents any simple regular packing of the monomers in

which they could maintain the RW like structure of the

individual chains. This mechanism to form a glass should be

contrasted to the mechanism in the BFL model: there also

exists a competition between effective interactions, because

(in both models A and B at least) there is an energetic

preference for long bonds, which ‘waste’ lattice sites which

need to stay empty, and thus do not contribute to the ‘free

volume’ available for other effective monomers. In a dense

melt, entropy of packing favors short bonds, which use the

available lattice sites more economically. It is thus hardly

possible for all the bonds to reach their ground state

length. This mechanism of glassforming has been termed

‘geometric frustration’ [39,40,74].

We now return to the implementation of the MD

algorithm. The standard MD method where Newton’s

equations of motion are numerically integrated (e.g. by the

‘velocity Verlet’ algorithm [82] or the Heun algorithm [83])

realizes the microcanonical ensemble of statistical mech-

anics, of course, since particle number N and volume V are

fixed, and the energy E is conserved. However, experiments

are usually carried out at constant temperature T rather than

at constant E, i.e. one wished to realize the NVT rather than

the NVE ensemble. In the first application of MD to this

polymer model [81] this was realized by modifying the MD

code to a ‘stochastic dynamics’ algorithm, by introducing

artificially both a friction term and a random force (the

amplitude of the random force being related to the friction

K. Binder et al. / Prog. Polym. Sci. 28 (2003) 115–172 129



coefficient by a fluctuation–dissipation theorem). This

technique is quite appropriate, as far as slow motions on

mesoscopic length scales are concerned, but has drawbacks

for simulating glassy dynamics, since oscillatory motions on

small scales may get artificially damped. Therefore,

Bennemann et al. [76–80] used instead the Nosé–Hoover

thermostat [84,85] to keep the temperature at the desired

level. In this technique the model system is coupled to a heat

bath, which represents an additional degree of freedom

represented by the variable z: The equation of motion is

expressed in terms of coordinates ~ri and momenta ~pi of the

effective monomers (of mass mi) as

d~ri=dt ¼ ~pi=mi; d~pi=dt ¼ ~Fi 2 z~pi; ð56Þ

where ~Fi is the total force acting on the ith effective

monomer due to the potentials Eqs. (54) and (55). The

equation of motion for the variable z is

dz

dt
¼

1

Q

XN
i¼1

~p2
i =mi 2 gkBT

 !
; ð57Þ

where Q is the ‘mass’ of the heat bath and g the number of

degrees of freedom. Note that the parameter Q has to be

chosen with care to ensure that one actually does obtain a

canonical distribution of the kinetic energy of the particles.

For this purpose, the intrinsic frequency of the heat bath

(which is vs ¼
ffiffiffiffiffiffiffiffiffiffiffi
2gkBT=Q

p
) is approximately equal to the

‘intrinsic frequency’ of the model system (the latter can be

estimated by putting the particles on the sites of a fcc lattice,

with the interaction of Eq. (55), at the chosen density).

Bennemann et al. [76] checked the accuracy of this

procedure by switching the thermostat off and comparing

velocity autocorrelation functions obtained with the thermo-

stat and without it: the results were identical.

Starting configurations of the polymer chains in the

simulation box were created as described by Kremer and

Grest [81]. Then each configuration thus generated was first

propagated in the NVE ensemble, but rescaling the

velocities until the system was close to the desired

temperature range. Only then the thermostat was switched

on, the rescaling of velocities (which would distort the

measurement of dynamical correlations, of course) was

stopped, and the system was propagated until the mean

square displacement of the center of mass of the polymer

chains has reached several times the gyration radius square

R2
g: In this way, well equilibrated starting configurations for

simulations in which time-displaced correlations are

calculated, are obtained. The time step dt was dt ¼ 0:002

(in MD time units of tMD ¼ sðm=1Þ1=2), using the Heun

algorithm [83]. For a fast performance of the program, a

linked cell scheme combined with a Verlet table was used

[86].

For the runs at constant density r ¼ 0:85; 95 polymer

chains were put in a constant volume V ¼ 1117:65; and a

starting configuration as described above was only gener-

ated for the highest temperature ðT ¼ 2:0Þ: Studying the

temperatures T ¼ 1:0; 0.7, 0.6, 0.5, 0.45, 0.4, 0.38, and 0.35,

the final configuration of the higher temperature was used as

an initial state for the next lower temperature. To improve

the statistics, 10 independent runs were made for each

temperature. At the lowest temperature, equilibration

required 3 £ 107 MD steps. For runs at r ¼ 1:042; 120

polymer chains were put in the simulation volume, and the

temperatures studied were 2.0, 1.0, 0.9, 0.8, 0.7, 0.65, 0.6,

0.58, 0.55, 0.52, and 0.5.

In order to simulate glassy freezing in the NpT ensemble,

an algorithm was used allowing volume fluctuations at

constant pressure (p ¼ 0:5; 1, and 2), to obtain the average

density of the system at a certain temperature. Afterwards,

in a procedure analogous to the one described above, the

found density was used to generate starting configurations

which were used for NVT simulations, to avoid a spurious

coupling of the dynamics to the barostat. By this procedure

it was made sure that the pressure was constant (within 5%)

and equal to the chosen value at all temperatures.

Fig. 9. Effective bond potential (broken curve) and LJ potential (full curve) plotted versus distance between effective monomers (left part). The

bond potential results from a superposition of the LJ potential and the FENE potential (Eqs. (54) and (55)) and was shifted by 220 to put it on

the same scale as the LJ potential. The minimum position of the bond potential ð< 0:96Þ is smaller than that of the LJ potential ð< 1:13Þ: This

incompatibility prevents the formation of a regular crystalline structure (right part). From Baschnagel et al. [80].

K. Binder et al. / Prog. Polym. Sci. 28 (2003) 115–172130



4. Glassy freezing in the bond-fluctuation model

4.1. System preparation and static properties

One particular advantage of the lattice models is that one

can aim at a very good statistical accuracy. For the model of

Eq. (52) (case A) a simulation box 100 £ 100 was used,

simulating 64 replicas of the system containing 200 chains

of length N ¼ 10 each, i.e. altogether an average over

128 000 effective monomers is taken. For the model of Eq.

(53) (case B) simulations were even based on an average

over 288 000 effective monomers, averaging over 160

replicas of size 30 £ 30 £ 30 ðd ¼ 3Þ or 500 replicas of size

60 £ 60 ðd ¼ 2Þ:

For the model of case C with effective potentials,

obtained from mapping to real polymers, 33 replicas of size

40 £ 40 £ 40 were used, which correspond to an effort of

132 000 effective monomers. Periodic boundary conditions

were applied throughout (apart from simulations addressing

the behavior of thin polymeric films, where also different

geometries were used, as discussed later).

All simulation runs first produced well-equilibrated

homogeneous states of athermal melts ðb ¼ 1=kBT ¼ 0Þ;

using standard methods [75]. Then a cooling scheme was

implemented where the inverse temperature bðtÞ increases

linearly with simulation time t up to some maximum value

bmax ¼ 1=Tmin (typically bmax ¼ 10 if the parameter 1 ¼ 1

in Eqs. (51) and (53))

bðtÞ ¼ bmaxGQt; ð58Þ

where the cooling rateGQ was chosen asGQ ¼ 4 £ 1027 (case

A), GQ ¼ 4 £ 1025 (case B, d ¼ 2), while five different

rates where explored in case B, d ¼ 3; namely GQ ¼

4 £ 1025; 8 £ 1026; 4 £ 1026; 8 £ 1027 and 4 £ 1027: All

these numbers refer to a choice of units where ‘time’ t

is measured in attempted moves per monomer. In case C,

however, rather than lowering the temperature continuously

it was attempted to simulate the supercooled polymer melt

in metastable equilibrium, carrying out runs of about 107

MCS/monomer and using the last configuration of the

higher temperature as the starting configuration for the

neighboring lower temperature that is investigated. Using

parameters in case C that mimick the properties of

polyethylene melts, the lowest temperature we equilibrated

was T ¼ 200 K for this model (recall that the experimental

melting/crystallization temperature for semicrystalline

polyethylene is around Tm ¼ 413 K).

One important check to make sure that physically

sensible results are obtained concerns the question to what

extent the simulated chains still satisfy Gaussian statistics. A

first check of this property is possible by computing the

structure factor of single chains (Fig. 10). It is seen that for

the examples shown, the Debye function works very well up

to q < 1 in the case of the lattice model and up to q < 4 in

the case of the off-lattice model, while deviations at still

larger q reflect local correlations along the chain between

subsequent effective bonds, as are expected, since on such

short length scales there is no longer any Gaussian statistics.

In the case of the BFL model, the main effect of lowering the

temperature for the single-chain structure factor is caused by

a slight increase of the mean square gyration radius of the

chains. Since in this model (Eq. (52)) at low temperatures

longer bonds are energetically preferred, this increase of R2
g

also is expected. For the off-lattice model, on the other hand,

the chosen Hamiltonian does not lead to any increase of R2
g

with lowering of the temperature, and thus SpðqÞ stays

effectively temperature-independent. In any case, the very

weak temperature dependence of SpðqÞ is already a good

indication that the chains keep their random coil configur-

ations during the cooling process, and thus there is no

tendency towards liquid crystalline or crystalline order.

A more stringent test that the models indeed are ‘good

glass formers’ with no crystallization tendency is provided

by the collective structure factor SðqÞ of the polymer melt

(Fig. 11). SðqÞ is very small for small q, consistent with a

very small value of the compressibility of the polymer melt.

At q < 3 (in the lattice model) there is a diffuse maximum,

Fig. 10. Static structure factor SpðqÞ of a polymer and comparison

with the Debye formula, Eq. (6), both for the three-dimensional

BFL model at two temperatures (case B) (a), and for the BS model

of Section 3.3 (b). Data are taken from Baschnagel and Binder [40]

(a) and from Bennemann et al. [76] (b), respectively.
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the ‘amorphous halo’, which changes relatively little when

we go from a high temperature ðT ¼ 1:80Þ to a low

temperature in the frozen phase ðT ¼ 0:05Þ; as we shall

see below, the critical temperature of this model is Tc <
0:150 ^ 0:002; and the Vogel–Fulcher temperature TVF ¼

0:125 ^ 0:005: Remembering that the lattice unit corre-

sponds to about 2 Å, the peak of SðqÞ is at qmax < 1:5 Å21,

which is reasonable when we compare to the experiment

(Fig. 1). Of course, the lattice model cannot reproduce the

shift in peak position seen in the experiment, which is due to

the thermal contraction of the polymer melt upon cooling:

the experiment is done at constant pressure, while the lattice

simulation is done at constant volume. In fact, the structure

factor SðqÞ resulting from the MD simulation (Fig. 11(b))

reproduces the experimental features much better, including

the fact that the second peak of SðqÞ is almost completely

independent of temperature, and occurs at about 2qmax: This

second peak cannot be modeled with the BFL model in any

reasonable way, of course, since for q ¼ 2p < 6:28 one

probes distances of the order of a single lattice spacing, and

it is clear that on this small scale the model of Figs. 6 and 8

must show some lattice artifacts. For such small-scale

structural properties the off-lattice model is clearly better;

on the other hand, the efficiency of the lattice simulations

allow many investigations which for the off-lattice model

simply would be too demanding in computer resources.

Another quantity of particular interest is the internal

energy (Fig. 12) [87]. When (for model B) the bonds are

chosen at random, irrespective of their energy cost, one

would expect that at high temperatures the energy per

Fig. 11. Plot of the collective static structure factor SðqÞ versus q for the BFL model (a) [40] and for the off-lattice BS model (b) [80]. In case (a),

two temperatures are shown (T ¼ 0:05 and 1.80, respectively), and estimates for the reduced isothermal compressibility (broken horizontal

lines), obtained from a block density fluctuation analysis, are included. In case (b), three temperatures are shown, T ¼ 0:2; 0.46, and 0.52. The

vertical lines at q ¼ 6:9 (near the peak of SðqÞ) and q ¼ 9:5 (near the first minimum) are used in the mode coupling analysis (see below). The

smallest q values probe the size of a chain (end-to-end distance: R2 < 12:3; gyration radius: R2
g < 2:09).
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bond EbðTÞ saturates at a value ð1 2 6=108Þ 1 < 0:944 in

d ¼ 3 and at ð1 2 4=36Þ 1 < 0:889 in d ¼ 2: For T p

1 ¼ 1 in thermal equilibrium we would expect EbðTÞ to

saturate at the ground state value Ebð0Þ ¼ 0: In fact,

assuming that for the calculation of EbðTÞ the interaction

between different chains can be ignored, and applying

simple RW or non-reversal random walk statistics [66],

reasoning that excluded volume interactions in dense

melts are screened [1–3], it is straightforward to work

out EbðTÞ for the BFL model [87], and these curves are

included in Fig. 12. It is seen, however, that the Monte

Carlo data deviate somewhat from these simple RW type

arguments even at high temperatures, indicating that the

dense packing of chains introduces non-trivial corrections

to the probability with which the various bond vectors ~b

occur. On the other hand, it is remarkable that for T *

0:4 the results are almost independent of chain length N.

The deviations that start for T & 0:4 are strongly cooling

rate dependent, however, the larger N the earlier does the

system fall out of equilibrium, and EbðTÞ settles down at

a non-zero value of Emin
b ðGQÞ; which reflects the fact that

some bonds are blocked in their motion due to

neighboring bonds and thus cannot reach their ground

state. In the two-dimensional case this fact is easily

visualized from snapshot pictures of the bond configur-

ation (Fig. 13). While at the high temperature ðT ¼ 1:6Þ

all bond vectors occur quite often, and the chain

molecule configurations look quite random, at the low

Fig. 12. (a) Plot of the mean energy per bond EbðTÞ; for the BFL model in d ¼ 3 dimensions with N ¼ 10 and with the choice of interaction

Hð~bÞ ¼ 0 if ~b ¼ ½3; 0; 0� and Hð~bÞ ¼ 1 ¼ 1 else, for five different cooling rates: GQ ¼ 4 £ 1025 (diamonds), GQ ¼ 8 £ 1026 (þ ), GQ ¼

4 £ 1026 (squares), GQ ¼ 8 £ 1027 ( £ ) and GQ ¼ 4 £ 1027 (triangles). Dash-dotted curve is based on a simple RW approximation, where

bonds with ~b ¼ ½3; 0; 0� simply occur with probability 6=½6 þ 102 expð21=kBTÞ�: From Baschnagel et al. [39]. (b) Plot of EbðTÞ versus T for the

BFL model, comparing two chain lengths (N ¼ 3 and 10), and the cases d ¼ 2 and 3, for the fastest cooling rate ðGQ ¼ 4 £ 1025Þ: From Lobe

and Baschnagel [87].
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temperature in the glassy frozen region ðT ¼ 0:05Þ there

is a clear prevalence of bonds which cost no energy, i.e.

have length b ¼ 3 and are oriented along a lattice axis.

But although there clearly is some short range order of

‘clusters’ of bonds oriented in parallel, long range

orientational order (like in a crystal or liquid crystal,

respectively) is definitely lacking. And one recognizes

also bonds which are not in the ground state and could

reach the ground state only by a large rearrangement of

their local neighborhood. These snapshot pictures thus do

give qualitative support to the idea that the glass transition

is accompanied with a strong reduction of configurational

entropy as the temperature is lowered (compare upper and

lower parts of Fig. 13), and that cooperative rearrange-

ments of mesoscopic regions are necessary to allow a

further relaxation near the glass transition [52]. However,

as we shall see from a more quantitative analysis of the

entropy below, this observation does not imply that a

Kauzmann temperature TK where the configurational

entropy sðTÞ vanishes has a physical meaning. This

conclusion is consistent with other arguments [88].

It is also clear that the configurations of our model in

the frozen phase are not unique—many equivalent low-

lying states with similar (or even equal) values of EbðTÞ

exist. They are not mutually accessible from each other

without energy cost, but rather are separated from each

other by some (free) energy barriers in phase space.

Thus, our results are qualitatively in full accord with the

picture that a strongly supercooled fluid has a rugged

energy landscape [89].

Of course, the character of the local order seen in Fig.

13 depends on the specific assumptions made in our

lattice model B, and hence should not be taken too

literally. Already in the slightly different model A, Eq.

(52), where bond vectors ~b ¼ ½3; 1� were preferred, the

higher orientational degeneracy of these preferred bond

orientations leads to a rather different pattern of

microscopic orientationally ordered domains. In all

cases the size of these ordered regions would translate

to the scale of a nanometer only. While the details of

this behavior are clearly model-dependent, we do think

that it has a real counterpart in nature—at least for

crystallizable polymers one does expect in supercooled

melts the formation of ‘baby nuclei’ [90] where small

pieces of chains are locally stretched and oriented in

parallel, on the scale of a few nanometers.

Another feature obvious from Fig. 13 is the fact that

there is some clear evidence for the existence of ‘voids’,

free volume where a monomer of a neighboring chain

could move into, visible in the system, and it is also true

that these local density fluctuations are more pronounced

at the higher temperature. Does this observation imply

that the free volume theory [56,62–64] holds?

We feel that such a conclusion would be completely

premature, and draw attention to Fig. 14 where an attempt to

‘measure’ the temperature dependence of the mean free

Fig. 13. Snapshots of two-dimensional configurations for chain

length N ¼ 3 (left hand part) and N ¼ 10 (right hand part). Here an

open diamond is drawn in the center of gravity of each monomer,

which blocks four sites along an elementary plaquette of the square

lattice as shown in Fig. 7, and the bonds connecting the monomers

are drawn as straight lines. The upper part refers to a temperature in

the high-temperature region of the polymer melt, that is, T ¼ 1:6

(remember the normalization 1=kB ; 1), and the lower part to a

temperature where the system is an amorphous glass, namely T ¼

0:05: The simulation box has a linear dimension L ¼ 60; and periodic

boundary conditions are used. From Lobe and Baschnagel [87].

Fig. 14. Mean free volume �vðTÞ plotted versus temperature for the

two-dimensional BFL model with the Hamiltonian given in Eq. (52)

(case A), for a volume fraction f ¼ 0:8 of occupied sites at a 100 £

100 square lattice, for two different chain lengths N (K is the

corresponding number of chains on the lattice). From Wittmann

et al. [38].
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volume of the two-dimensional BFL model is shown. Since

according to the theory [56,62–64] free volume should

measure the ability of the monomers to actually move into

neighboring voids, one defines [38] nv ¼ 0; 1; 2; 3; and 4 if

the excluded volume and bond length constraints would

allow the move of a considered monomer in nv directions

along the lattice axes (nv ¼ 0 means a monomer is

completely blocked). The average free volume shown in

Fig. 14 then is normalized between zero and unity by the

following definition

�vðTÞ ¼ ð4NÞ21
XN
i¼1

knv;il; ð59Þ

where k· · ·l is the standard thermal average carried out in

the Monte Carlo simulation, and the sum is over all N

monomers in the system. As Fig. 14 shows, �vðTÞ

decreases monotonously and has a kink at about T <
0:15 which simply means that the system is frozen-in at

lower temperatures and, therefore, there is no further

decrease of �vðTÞ: However, the ordinate scale of Fig. 14

reveals that the overall variation of �vðTÞ is very small,

and �vðTÞ is rather small already at high temperatures, i.e.

most of the monomers are blocked already in the fluid

phase, and hence �vðTÞ as defined in Eq. (59) is not a

good indicator of whether diffusion in the melt is

possible or not. Of course, one could always claim that

the definition of �vðTÞ used in Eq. (59) is not a good

one—but the theory [56,62–64] does not provide a

precise definition what ‘free volume’ really is, as

emphasized already in Section 2.

Returning to the temperature variation of the bond

energy EbðTÞ in Fig. 12 we note that not only the value

at which EbðTÞ settles down as T ! 0 is strongly

cooling-rate dependent, but also the systematic devi-

ations from the ‘equilibrium’ liquid branch start rather

gradually at intermediate temperatures which are the

higher the faster the cooling is done. Experimentally,

one can estimate a cooling rate dependent glass

transition temperature TgðGQÞ by fitting one straight

line to the glass branch (in our case this would simply

be a horizontal straight line) and another straight line to

the liquid branch and estimate TgðGQÞ from the

temperature where these straight lines intersect [10,11,

13,14]. However, in Fig. 12 one cannot identify a region

on the liquid side where EbðTÞ varies linearly without

considerable ambiguity.

Therefore, another method to define a cooling rate-

dependent glass transition temperature TgðGQÞ must be

sought. The first attempt to do this was based on the

number nð1Þ of bonds that are not in the ground states.

Noting that the degeneracies of these bonds are

ndegð1Þ ¼ 102; ndegð0Þ ¼ 6 (in d ¼ 3 dimensions), the

occupation numbers nð0Þ; nð1Þ in an ensemble of

isolated bonds would be nð0Þ / ndegð0Þ; nð1Þ / ndegð1Þ

expð21=kBTÞ in thermal equilibrium. Thus a quantity,

called ‘internal temperature’ Ti; was defined as [39]

Ti ¼
kB

1
ln

nð0Þ=ndegð0Þ

nð1Þ=ndegð1Þ

 !" #
21

: ð60Þ

A plot of T=Ti actually does reveal two straight lines,

one line increasing in slope in the frozen region at low

T, a second one with decreasing slope in the fluid

region, and the intersection point of these straight lines

is rather well defined and allows to define a TgðGQÞ

(Fig. 15) [39,91].

Fig. 15. Plot of the ratio of the actual temperature to the ‘internal

temperature’ Ti against T for the three-dimensional BFL model with

the Hamiltonian given in Eq. (53) (case B), for chain length N ¼ 10:

Squares are obtained from Eq. (60), for GQ ¼ 4 £ 1027: Diamonds

(crosses) are obtained from the refined definition for GQ ¼ 4 £ 1025

ð4 £ 1027Þ: Dotted and broken straight lines indicate how a rather

well-defined estimate of TgðGQÞ can be estimated from the

intersection point. From Baschnagel and Dickman [91]. (b)

TgðGQÞ plotted versus GQ (on a logarithmic scale). The broken

curve represents a fit to the data using Eq. (62). From Baschnagel

et al. [39].
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On the contrary to the original expectation, T =Ti does not

go to unity at high temperatures if one uses the definition Eq.

(60). This failure of the expected relation Ti ¼ T (in thermal

equilibrium) is due to the fact that in a dense system the

bond vector statistics is not canonical due to the excluded

volume interaction between the monomers. This effect can,

to a good approximation, be accounted for within the trimer

approximation [91]. The partition function of a trimer is

written as

Z ¼
X

ij

exp 2ppðN;fÞvði; jÞ2 ½Hð~biÞ þHð~bjÞ�=kBT
n o

; ð61Þ

where the sum is over all (108)2 bond vectors ~bi;
~bj of a

trimer, and vði; jÞ is the volume excluded for all other

monomers from occupation (e.g. if ~bi is in the ground state,

four sites are blocked for occupation, cf. Fig. 8). The

quantity ppðN;fÞ ¼ p=kBT is the pressure of the athermal

BFL model at volume fraction f (this function is known

very accurately from other studies [91]). Of course, the sum

in Eq. (61) extends only over those pairs which do not

violate the excluded volume constraint. From Eq. (61), one

can also calculate the mean energy E
eq
b ðTÞ per bond in

thermal equilibrium. A refined definition of Ti then requires

EbðTÞ ; E
eq
b ðTiÞ: Fig. 15(a) shows that the so defined Ti

coincides with T for T $ 0:6 for both GQ ¼ 4 £ 1025 and

4 £ 1027, whereas it agrees with the simpler definition

based on Eq. (60) for T , 0:2: Fortunately, it turns out that

both definitions of Ti yield the same result for TgðGQÞ; within

statistical errors. Fig. 15(b) shows that TgðGQÞ decreases

systematically with decreasing cooling rate. This decrease is

slower than logarithmic, consistent with experimental

observations (Fig. 16) [92]. Assuming that TgðGQÞ can be

defined by the condition that the time constant G21
Q of the

cooling equals the relaxation time t and assuming that Eq.

(8) holds, one obtains

TgðGQÞ ¼ T0
g þ Eact=½kB lnð1=t1GQÞ�; ð62Þ

where the glass transition temperature T0
g for cooling rate

GQ ¼ 0 (infinitely slow cooling) would simply be the

Vogel–Fulcher temperature, T0
g ¼ TVF: The estimate TVF <

0:17 resulting from this fit can be taken as a very rough,

preliminary estimate. However, as we shall see later, for this

model the best estimate for TVF is rather TVF ¼ 0:125 ^

0:005: For a more reliable estimation of TVF based on Eq.

(62), clearly more accurate data on TgðGQÞ than available in

Fig. 15(b) would be necessary.

Nevertheless, the results shown in Fig. 15(b) imply that

even for our slowest cooling procedures (which take 2:5 £

106 MCS already) the system falls out of equilibrium in the

region 0:20 & T & 0:25: In order to obtain more definitive

results on the glassy freezing, however, it would be very

desirable to obtain well-equilibrated properties of the

polymer melt also at lower temperatures, down to T ¼

0:16; for instance. Using the random hopping algorithm of

Fig. 8, one would then need to apply cooling rates GQ which

are several orders of magnitude smaller, which is

impractical.

Fortunately, a way out of this dilemma is provided by

the ‘slithering snake’ algorithm [66,75]. This algorithm

does not employ local moves such as the random hop of a

randomly chosen monomer by a lattice unit (Fig. 8), but

rather a non-local move is employed, where a monomer

(and its bond connecting it to the next monomer) is cut

out from one chain end of a randomly chosen chain, and

one tries to attach it to the other end of the same chain,

choosing one bond vector from the allowed set at

random. While this algorithm does not correspond to

any physically sensible chain dynamics, it is a valid

method to provide thermal equilibrium. This algorithm

was implemented for both cases B and C of the BFL

model [69,93] and it was found to provide a relaxation,

which is 2–3 orders of magnitude faster than the single

monomer random hopping algorithm (Fig. 17). With this

algorithm, the model of Eq. (53) (case B) in d ¼ 3 could

Fig. 16. Dependence of the glass transition temperature TgðwÞ on the

logarithm of the heating rate w: For each system TgðwÞ is scaled with

the value of the glass transition temperature T0
g used in Eq. (62). The

fit to this equation is shown by the solid lines. The data for

La55Al25Ni20 are shifted down by 0.17. B2O3 (1) refers to the

sample with less than 0.1% H2O, and B2O3 (2) to the sample with

2.7% H2O. From Brüning and Samwer [92].
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indeed be equilibrated at temperatures down to T ¼ 0:16:

As a result, quantities like the (configurational) entropy

of polymer melts could be studied over the relevant

temperature range, and well-equilibrated starting con-

figurations were obtained for runs applying the random

hopping algorithm in order to record suitable dynamic

correlation functions in thermal equilibrium. We describe

these results in Sections 4.2 and 4.3.

4.2. A test of the entropy theory of Gibbs and Di Marzio

Even if one has well-equilibrated system configurations

at one’s disposal, the estimation of the configurational

entropy is a major computational challenge, since the

entropy sðTÞ is not a direct output of any computer

simulation using standard Monte Carlo or MD techniques,

but can only be obtained indirectly [66]. Wolfgardt et al.

[94,41] used the general thermodynamic relation sðr; TÞ ¼

½eðr; TÞ2 f ðr;TÞ�=T ; where r ¼ NK=M is the monomer

density on a (simple cubic lattice) with M sites and K

polymers, and f ðr;TÞ is the free energy density. The latter

quantity is found from integrating the excess chemical

potential mexðr; TÞ

f ðr; TÞ ¼
kBTr

N
ln

r

N
2 1 2 ln

ZpðN; TÞ

N

� �
þ

kBT

N

ðr

0

drmexðr
0
; TÞ; ð63Þ

where Zp is the partition function of a single polymer chain.

Defining the probability to add a bond to a chain that has

already N 2 1 bonds as pð~bN Þ; this partition function can be

obtained recursively [95] as

ZpðN; TÞ ¼ Mð108ÞN21pð~b1Þpð~b2Þ· · ·pð~bN21Þ: ð64Þ

The probabilities pð~bN Þ can be directly sampled, and thus

ZpðN; TÞ is obtained from Eq. (64) with little difficulty.

However, the excess chemical potential [66]

mexðr; TÞ ; 2kBT lnkexp½2Vint=kBT�l

¼ 2kBT ln pinsðr; TÞ ð65Þ

is more difficult to obtain: due to excluded volume

constraints, the interaction potential Vint between the test

chain that one wants to insert, almost always is Vint ¼ 1;

and hence the insertion probability is extremely small:

already for N ¼ 10 and infinite temperature pins < 10211;

and it decreases further with falling temperature [94]. This

problem can be overcome, however, by a type of ‘multi-

canonical sampling’ (also called ‘umbrella sampling’)

where one introduces a tunable parameter l ð0 , l , 1Þ

that interpolates the excluded volume interaction between

Vint ¼ 0 and Vint ¼ 1 [96]. Instead of strictly forbidding

overlaps between the test chain and the melt chains, one

penalizes the overlaps by a finite potential, VintðN0; lÞ ¼

2kBTN0 ln l; where N0 is the number of overlapping sites.

The value l ¼ 0 corresponds to full excluded volume

interaction, whereas l ¼ 1 means no excluded volume at

all. The intermediate values of l are used as an extended

ensemble to bridge between these extreme limits. In this

way, very small insertion probabilities can be accurately

estimated [94,96].

In order to perform now a comparison between the

entropy theory of Gibbs and Di Marzio [31] (Section 2.2)

and the numerical results, it is necessary to determine the

Fig. 17. Rouse times t3 for two different lattice Monte Carlo algorithms (slithering snake and single monomer random hopping algorithm) as a

function of the temperatures, for the version of the three-dimensional BFL model adapted to polyethylene melts. From Tries et al. [69].
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input parameters of the theory appropriately. The theory

[31] associates a two-level system with the bond angle, and

the flexibility f (Eq. (30)) is nothing but the relative

population of these two levels. The present model uses a

two-level system for the bond length and thus we re-

interpret f as the fraction of bonds in the excited state. Fig.

18(a) shows the temperature dependence of the parameter f

defined in this way. The second input quantity is the number

of holes H. In the theory [31] each effective monomer takes

a lattice site, and then it is natural to take each empty lattice

site as a hole, because it could be taken by a monomer as

well. However, in the BFL model an effective monomer

corresponds to a whole unit cell of the lattice (Fig. 8), and

therefore a hole should be interpreted as an empty unit cell.

With this identification the number of holes HðTÞ becomes

temperature-dependent, even though the volume fraction of

occupied sites was independent of temperature (namely

f ¼ 0:533). Fig. 18(b) shows the temperature dependence

of the effective density reff ¼ KN=½KN þ HðTÞ�: Finally, the

coordination number z has to be determined. In the theory

[31] z coincides with the number of nearest neighbors on the

lattice in a locally dense configuration of monomers. For the

BFL model, a natural choice hence is to take z as the number

of monomers in a sphere with radius bmax ¼
ffiffiffi
10

p
around a

central monomer. Fig. 18(c) shows that the resulting values

for z range between 11 and 12, which is typical of dense

(amorphous) packing in simple liquids. The decrease of z

Fig. 19. Comparison of the temperature dependence of the entropy

per lattice site s as obtained from the simulation (open circles) with

the theoretical predictions of Milchev [33], Gibbs and Di Marzio

[31] and Flory [32]. Due to the use of the ‘measured’ results for

f ðTÞ; HðTÞ and zðTÞ (Fig. 18) in Eqs. (28)–(36), there is no

adjustable parameter in this comparison whatsoever. Note that the

estimates for the critical temperature Tc and Vogel–Fulcher

temperature TVF (obtained from analysis of dynamic properties,

see Section 4.3) are 1=Tc < 6:67; 1=TVF < 8: From Wolfgardt et al.

[41].

Fig. 18. Fraction f of bonds in the excited state (a), effective density

reff (b) and effective coordination number z (c) of the BFL model on

the simple cubic lattice (with Hamiltonian Eq. (53), case B) plotted

versus inverse temperature. From Wolfgardt et al. [41].
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with decreasing temperature is due to the expansion of the

bond vectors.

Having made the above identifications, f, H and z can be

inserted in the theoretical expressions (Eqs. (28), (29) and

(31)–(36)) and the resulting temperature dependence can be

compared with the entropy from the simulation (Fig. 19). As

expected, the actual entropy as obtained from the simulation

decreases with decreasing temperature. However, instead of

exhibiting a clear tendency to vanish at a finite temperature,

the decrease of the entropy gradually weakens with falling

temperature in the region where the glass transition is

approached. In this regime, the theory of Milchev [33],

which implies that sðTÞ stays non-zero at all temperatures,

agrees much better with the simulation results than any of

the other theories [31,32]. Of course, lacking any simulation

results for 1=T . 6:25; we cannot exclude that sðTÞ would

vanish for, say, 1=T ¼ 10 or larger. However, it is clear that

the vanishing of sðTÞ obtained from the Gibbs and Di

Marzio theory [31] at about 1=T < 5:5 for our model is an

artifact of inaccurate approximations, and has no physical

significance. This is obvious, since 1=T < 5:5 corresponds

to a temperature well above the critical temperature of MCT

ðTcÞ in our model, i.e. a temperature well in the supercooled

fluid region of our model. It is also clear from Fig. 19 that

the theories [31,32] make considerable errors in their

estimates for the entropy of the dense athermal polymer

melt (at 1=T ¼ 0). While the temperature dependence of the

entropy difference DsðTÞ ¼ sð1Þ2 sðTÞ is predicted rather

well, the absolute numbers for the predicted entropies are

severely in error. The fact that DsðTÞ is rather well predicted

is, in our opinion, responsible for the fact that the Gibbs–Di

Marzio theory [31] is rather successful in correlating many

experimental properties, which are controlled by entropy

differences only, rather than by the total configurational

entropy itself.

An example of such a trend in experimental properties

that has been interpreted with the theory of Gibbs and Di

Marzio [31] is the dependence of Tg on polymer chain

length, see Fig. 20. Therefore, we emphasize that Eq. (11),

the linear variation of TgðNÞ with 1=N cannot be taken as a

proof that the theory of Gibbs and Di Marzio [31] is correct.

Finally, we turn to the extension of the entropy theory to

describe the slowing down near the glass transition [52].

Adam and Gibbs [52] have argued that the activation barrier

necessary for allowing relaxation by cooperative rearrange-

ment of a correlated region scales proportional to the

volume of this region, and the volume should in turn be

inversely proportional to the total configurational entropy of

the system. Thus, the self-diffusion constant D1 would be

predicted to vary as (D0; C are constants)

DðTÞ ¼ D0 exp{ 2 C=TsðTÞ}: ð66Þ

Putting the linear variation of sðTÞ claimed by Gibbs and Di

Marzio [31], sðTÞ ¼ cðT 2 TKÞ where c is another constant

and TK the Kauzmann temperature, we would recover the

Vogel–Fulcher relation, Eq. (8), with TVF ¼ TK; Eact ¼

C=½kBTKc�: Obviously, the spirit of this ‘derivation’ of the

Vogel–Fulcher relation is very different from the free

volume concepts (see Eqs. (48) and (49) and subsequent

discussion). In our opinion, none of these ‘derivations’ of

Eq. (8) should be taken very seriously; but it is interesting to

observe that one can account by Eq. (66) very well for the

decrease of the diffusion constant with decreasing tempera-

ture obtained from the simulation, when one uses the actual

entropy sðTÞ from Fig. 19 in Eq. (66), see Fig. 21. Thus,

there is no contradiction between our critique of the theory

of Gibbs and Di Marzio [31] and the numerous reports in the

literature that the Adam–Gibbs formula [52], Eq. (66),

could account for experimental data successfully.

Fig. 20. Glass transition temperature TgðGQÞ for GQ ¼ 4 £ 1025 (MCS)21 plotted against inverse chain length, for the two-level version of the

BFL model (Eq. (53), case B), in both d ¼ 2 and 3. From Lobe and Baschnagel [87].
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4.3. Dynamics of glassifying polymer melts, and a first test of

the mode coupling theory

As mentioned in Sections 4.1 and 4.2, an efficient

equilibration of the BFL model of polymer melts is best

done using the slithering snake algorithm. For the

Hamiltonian Eq. (53), case B, in d ¼ 3 temperatures down

to T ¼ 0:16 can be reached. System configurations gener-

ated in this way (actually a ‘hybrid algorithm’ where

slithering snake moves and single monomer moves are

randomly mixed is used) are then used as an ensemble

of thermal equilibrium starting configurations for runs

applying the random hopping algorithm, Fig. 8, to record

meaningful dynamic quantities. Thus, for these runs the

‘clock’ of Monte Carlo ‘time’ t is reset to t ¼ 0; and

typically runs over a time interval of t ¼ 107 MCS are made

(Fig. 22). It turns out that the autocorrelation function of the

end-to-end vector

feteðtÞ ¼
k~RðtÞ·~Rð0Þl2 k~Rð0Þl2

k~R2ð0Þl2 k~Rð0Þl2
ð67Þ

is the slowest relaxing quantity among all quantities that

have been studied: from Fig. 22(a) it is clear that for T #

0:21 even after t ¼ 107 MCS the end-to-end vector of the

polymer chains has relaxed only to a very small extent. This

figure hence shows that melt configurations are equilibrated

only rather incompletely if they are equilibrated with the

random hopping algorithm only, as originally done [39,40,

98,99]. Defining now a relaxation time tete from the

condition feteðt ¼ teteÞ ¼ 0:2; tete can be estimated rather

precisely for all temperatures T $ 0:23: Fig. 22(b) gives

rather nice evidence that TTSP [11,13,14] holds. Moreover,

the resulting master curve can be rather well described by

KWW stretched exponential function

feteðtÞ ¼ exp½2ðt=teteÞ
b� b ¼ 0:67: ð68Þ

The temperature dependence of tete may be fitted by a

Vogel–Fulcher relation, Eq. (8), similar to other character-

istic times that are discussed below.

Rather central to our analysis is the behavior of mean

square displacements g1ðtÞ; g2ðtÞ of monomers and of the

center of mass g3ðtÞ [66,75]

g1ðtÞ ; k½~riðtÞ2 ~rið0Þ�
2l; ð69Þ

g2ðtÞ ; k½~riðtÞ2 ~RcmðtÞ2 ~rið0Þ þ ~Rcmð0Þ�
2l; ð70Þ

and

g3ðtÞ ; k½~RcmðtÞ2 ~Rcmð0Þ�
2l: ð71Þ

In Eqs. (69) and (70), an average is taken over the two inner

most monomers of each chain, and in addition an average

over all K ¼ 180 chains in a L £ L £ L lattice with L ¼ 30 is

taken for Eqs. (69)–(71), as well as an average over 16

independent starting configurations.

Fig. 23 shows typical results for two temperatures.

The behavior at the higher temperature ðT ¼ 0:40Þ is the

typical behavior familiar from many models of polymer

melts [66,75]. For times where g2ðtÞp R2
g; g1ðtÞ ¼ g2ðtÞ

and they exhibit clear sub-diffusive behavior (ideally

one should have g1ðtÞ / t1=2; according to the Rouse

model [3], but the exponent 1/2 cannot be well

recognized from the data, since the chain length N ¼

10 is rather short and therefore the crossover to diffusive

behavior sets in rather early). At late times, g2ðtÞ < R2
g

independent of time, and the other displacements show

diffusive behavior

g1ðtÞ < g3ðtÞ ¼ 6Dt; g1ðtÞ $ R2
: ð72Þ

From these displacements we hence obtain estimates for the

self-diffusion constant D of the chains, and furthermore we

can obtain various relaxation times tðKÞ from crossing

criteria [101]

g1ðt ¼ tð1ÞÞ ¼ R2
g; g1ðt ¼ tð2ÞÞ ¼ R2

;

g3ðt ¼ tð3ÞÞ ¼ R2
g; g3ðt ¼ tð4ÞÞ ¼ R2

;

g2ðt ¼ tð5ÞÞ ¼ g3ðt ¼ tð5ÞÞ:

ð73Þ

At low temperatures, such as T ¼ 0:23; the behavior of the

mean square displacements is very different: we see that a

regime of times occur where all giðtÞ are almost equal to

each other and almost flatten out at a plateau value giðtÞ <
0:1; i.e. a very small length appears, much smaller than the

lattice spacing. This effect is the remnant of the ‘cage effect’

in our model: at low temperatures almost all monomers

are confined into cages formed by their neighbors, and

only very little motion is possible, and thus the

Fig. 21. Self-diffusion coefficient of the three-dimensional BFL

model (with Hamiltonian Eq. (53), case B) plotted versus inverse

temperature, using L £ L £ L lattices with periodic boundary

conditions for several choices of L, in order to check for finite

size effects. The solid and the dotted line are fits by the Vogel–

Fulcher law {D=D0 ¼ exp½2Eact=ðT 2 TVFÞ�} and the Adam–Gibbs

equation [52], Eq. (66), respectively. From Binder et al. [97].
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characteristic size over which a monomer can move in a

cage on average is of the order kb2l1=2=10; much smaller than

a lattice spacing.

Finally, we turn to the incoherent intermediate scattering

function fs
qðtÞ; which is defined as

fs
qðtÞ ¼

1

N

XN
n¼1

kexpði~q·½~rnðtÞ2 ~rnð0Þ�Þl; ð74Þ

where the sum extends over all monomers in the system, and

the bracket k· · ·l indicates the thermodynamic average and a

spherical average over all ~q vectors with the same absolute

value q. Fig. 24 shows typical data for fs
qðtÞ and tests also

the Gaussian approximation, resulting from the Rouse

model [3]

fs
qðtÞ ¼ exp{ 2 q2g1ðtÞ=6}: ð75Þ

Eq. (75) is inaccurate already at high temperatures, and in

addition at low temperatures a two-step relaxation develops,

see e.g. the curves for T ¼ 0:19 and 0.18 in Fig. 24(a).

However, also fs
qðtÞ relaxes fully on a time scale of t ¼ 107

MCS only for T $ 0:20: When the temperature dependence

of the relaxation times tðKÞ defined in Eq. (73) is analyzed

(Fig. 25) it is clear that all the data can be fitted to the

Fig. 22. (a) Plot of the end-to-end vector correlation feteðtÞ versus the logarithm of time, for temperatures from T ¼ 0:16 (topmost curve) to

T ¼ 0:60 (lowest curve), for the three-dimensional BFL model with the two-level Hamiltonian, Eq. (53) (case B). (b) Plot of feteðtÞ versus the

logarithm of the rescaled time, t=tete: The dotted line underneath the data points is the KWW law, Eq. (68). From Okun et al. [98].
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Vogel–Fulcher law, Eq. (8), and one finds that 0:12 #

TVF # 0:13: Note, however, that the temperature region

used for the fits is 0:23 # T # 0:40; not at all close to TVF:

In early work [39], where the diffusion constant DðTÞ was

fitted over the range 0:25 # T # 0:80; a much higher

estimate was obtained, namely TVF ¼ 0:17 ^ 0:02: This

estimate clearly is not useful, since Fig. 24 clearly reveals

that for T $ 0:17 one is still in the phase of the supercooled

fluid and not in the amorphous solid. In fact, extracting D

from data as shown in Fig. 23 and fitting the same

temperature region as shown in Fig. 25 also yields TVF ¼

0:129; consistent with the above estimate [98]. This result

once more shows that one has to be careful with estimates

for TVF; since they always depend somewhat on the

temperature range used for the fit.

Finally, we turn to a (preliminary) test of MCT [99,100].

This test must be viewed with some precautions, since it is

not based on the (well equilibrated) data for fs
qðtÞ shown in

Fig. 24, but rather it is based on earlier work using the

random hopping algorithm also for equilibrium. We now

know (Figs. 22–24) that an effort of 4 £ 106 MCS/monomer

at temperatures 0:16 # T # 0:21 is not sufficient for full

Fig. 23. Log–log plot of the mean square displacements g1ðtÞ (diamonds), g2ðtÞ (crosses) and g3ðtÞ (squares) versus time at T ¼ 0:40 (a) and at

T ¼ 0:23 (b) for the three-dimensional BFL model with the two-level Hamiltonian, Eq. (53). Horizontal straight lines show the mean square

end-to-end distance kR2l (upper line), the radius of gyration kR2
gl (middle line) and the mean square bond length kb2l (lower line). From Okun

et al. [98].
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equilibration. While the resulting fs
qðtÞ look qualitatively

reasonable, they relax towards zero somewhat too fast

(Fig. 26). Therefore, the parameters extracted from the fit,

such as the ‘non-ergodicity parameter’ f sc
q ; which describes

the amplitude of the decay of the a-relaxation, may be

affected by slight systematic errors. However, we feel that

these errors are presumably negligible, as far as the

b-relaxation at intermediate times is concerned (curves a

and b in Fig. 26). Curve a denotes the short time expansion

of the scaling function gþðtÞ; Eq. (19), while curve b (dotted

curve) describes the von Schweidler law, Eq. (20). From the

fit of temperatures T $ 0:19; the exponent estimates a <
0:24; b < 0:37 (with l ¼ 0:86 ^ 0:05) were extracted [99].

For T , 0:19 systematic deviations from the MCT

equations with these parameters were found, and this was

attributed to a breakdown of the idealized MCT near Tc;

which was estimated as Tc < 0:15: Therefore a fit to the

extended form of MCT was tried [100]. Fig. 27 shows that

this fit describes the data very satisfactorily, confirming the

estimate Tc < 0:15: However, the resulting estimate for

the hopping parameter d presumably cannot be trusted, since

the Monte Carlo data for T , 0:19 suffer much more from

incomplete equilibration than those shown in Fig. 27(b), as a

comparison of Figs. 27(a) and 24(a) shows.

Summarizing the results of this section, we can say that

the BFL model does provide a reasonable account for the

onset of glassy freezing. Of course, it is a problem that

already above Tc the relaxation is spread out over so many

decades in time. Near Tc; it is doubtful to what extent the

dynamics of monomers in the cages is correctly described,

Fig. 24. (a) Plot of the intermediate incoherent scattering function fs
qðtÞ versus time (on a logarithmic scale) for various temperatures as

indicated in the figure. The wavenumber q is chosen as q ¼ 2:92; which corresponds to the maximum of the static structure factor (Fig. 11). (b)

Plot of fs
qðtÞ versus g1ðtÞ: Eq. (75) is included, as indicated. From Okun et al. [98].
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since the mean square displacement of monomers in their

cages is much less than one, the length scale provided by the

lattice spacing. Thus, we turn to a somewhat more realistic

off-lattice model in Section 5.

5. Glassy freezing in the bead-spring model

5.1. Mean square displacements, diffusion constants, and

relaxation times

We have already seen that the off-lattice model

introduced in Section 3.3 provides a very good description

of the structure of a glassforming melt (Fig. 11(b)), that

closely resembles experiment (Fig. 1). Now we turn to a

study of dynamic properties of this model, and the first task

is to identify the temperature region of interest for glassy

freezing.

As in the simulation of the BFL model, a first orientation

is provided by a ‘slow cooling’ run, looking for kinks in

suitable quantities. But unlike the case of the lattice model,

where only cooling at constant total volume was feasible,

we can now consider cooling at constant pressure, and look

for a kink in the specific volume as a function of

Fig. 25. Semilog plot of the relaxation time tðKÞ defined by Eq. (73) versus temperatures, for the three-dimensional BFL model with the two-

level Hamiltonian, Eq. (53). Data shown are tð1Þ (diamonds), tð2Þ (þ ), tð3Þ (squares), tð4Þ ( £ ) and tð5Þ (triangles), while the solid lines fit to the

Vogel–Fulcher equation. From Okun et al. [98].

Fig. 26. Plot of fs
qðtÞ versus the logarithm of time t at T ¼ 0:21; comparing the simulation results (solid line) with various fitting formulas. The

broken line labeled ‘Rouse’ is a fit to the formula fs
qðtÞ ¼ exp½2q2kb2l

ffiffiffiffi
t=t0

p
�; with t0 as a fit parameter. The dash-dotted line (visible at very late

times) is a fit to the KWW law, fs
qðtÞ ¼ f sc

q exp½2ðt=tKÞ
bK �; where f sc

q ¼ 0:80 ^ 0:03; tK < 6:4 £ 105; bK ¼ 0:515 ^ 0:020: Curves labeled (a)

and (b) refer to MCT fits described in the text. From Baschnagel [99].
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temperature, Fig. 28(a) [102], just as done in experiments

[103]. Indeed, the qualitative similarity between the

simulation (Fig. 28(a)) and corresponding experimental

data (Fig. 28(b)) is striking. However, a closer look reveals

that the scales in the simulation span a rather wide interval

both in volume and in temperature, while the corresponding

intervals of the experiment are much narrower. If we

showed a correspondingly small temperature interval in the

simulation, the rounding of the liquid to glass transition, that

shows up in deviations from the straight lines describing the

liquid branch and the solid branch, would be considerably

more pronounced. Of course, this relatively more rounded

transition in the simulation is expected from the fact that the

cooling rate in the simulation is orders of magnitude larger

than in the experiment. Assuming that the time unit

tMD ¼ 10211 s, 500 000 MD steps of dt ¼ 0:002 tMD

corresponds to 1028 s, and assuming that the LJ energy 1

corresponds to 100 K, the temperature interval of the

cooling is of the order 10 K, i.e. the cooling rate of Fig.

28(a) is as large as 109 K s. However, although this fast

cooling is orders of magnitude off from experiment [103], it

is three orders of magnitude slower in comparison to cooling

rates achieved for chemically realistic models of small

molecule glass formers, such as molten SiO2 [104].

From Fig. 28(a) it is evident that the system falls out

of equilibrium at Tg < 0:41: Therefore, it is interesting to

examine the mean square displacements defined in Eqs.

(69)–(71) at temperatures somewhat larger than Tg; e.g.

Fig. 27. (a) Least-squares fit of the Monte Carlo data for fs
qðtÞ {solid lines} in the temperature interval T [ ½0:16; 0:21� (the temperature

decreases from left to right in the figure) by optimizing the three (temperature-independent) parameters, C ¼ 0:387; Tc ¼ 0:15 and d ¼

282 £ 1028; where C is the amplitude in the relation for the separation parameter, sðTÞ ¼ CðT 2 TcÞ: In addition, at each T a time scale t0ðTÞ

was fitted, f sc
q ¼ 0:8 was kept as in Fig. 26, hq (Eq. (14)) was fitted as hq ¼ 0:406; and a ¼ 0:239 was kept as in the idealized MCT analysis (Fig.

26). (b) Plot of the separation parameter s versus temperature. The solid line is an unconstrained least square fit, yielding Tc ¼ 0:151: The

dashed line uses the parameters as shown in part (a). From Baschnagel and Fuchs [100].
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for T ¼ 0:48 (Fig. 29). For times t that are much smaller

than tMD ¼ 1 and correspondingly small displacements

there is a free ballistic motion, g1ðtÞ ¼ 3Tt2: Of course,

such an ‘inertial regime’ was not present in the dynamics

of the BFL model, since the Monte Carlo moves allow

only for diffusive motions. Then a rather well pro-

nounced plateau region occurs, which can be described

by MCT again, as discussed below. However, already

when the mean square displacement of the monomers is

of order 1021, only about a factor two larger than 6r2
sc <

0:054; do deviations from MCT set in already. The mean

square displacement shows a sub-diffusive behavior, that

is dominated by chain connectivity, and can well be

accounted for by the Rouse model if the correlation

functions of the Rouse modes are taken from the

simulation itself (Section 5.3). Only when g1ðtÞ becomes

of the order of R2 . 6R2
g; a crossover to simple diffusive

behavior (g1ðtÞ ¼ 6Dt; according to the Einstein relation)

occurs, as pointed out already for the BFL model.

At this point, it is interesting to contrast the behavior of

the mean square displacement in polymer melts to that of

simple liquids (Fig. 30). On plotting g1ðtÞ for all tempera-

tures as a function of the time multiplied by the diffusion

coefficient at that temperature, one obtains a set of curves as

displayed in the inset of Fig. 30. The envelope of this set of

curves is shown in the main part of the figure in comparison

with the same master curve constructed for a binary LJ fluid

[105]. At late times the data for the two models have to agree

by construction. At very early times the particles move

freely, and both models exhibit ballistic motion, followed by

the slow displacement characteristic for the b-process of

MCT. However, whereas the LJ fluid directly crosses over

from the cage effect to the free diffusion, the polymer

exhibits the intervening connectivity-dominated regime for

length scales between about the bond length, b ¼ 1; and the

end-to-end distance. In this regime the observed mean

square displacement increases less fast than the MCT

description, which is here displayed as the effective von

Schweidler law

g1ðtÞ ¼ 6r2
1 þ A1ðDtÞ0:75

; r1 ¼ 0:087; A1 ¼ 11:86 ð76Þ

before free diffusion sets in.

A further interesting comparison is obtained by the

behavior of the mean square displacements of the BFL

model in relation to those of the BS model (Fig. 31). As has

been already mentioned, the ballistic regime ðg1ðtÞ / t2Þ

cannot occur for the Monte Carlo simulations, and we also

recognize that the plateau region where the monomer is

confined within the cage formed by its neighbors is less well

developed for the Monte Carlo model. As expected, on this

small scale of the mean square displacement inside the

cage—which is smaller than a lattice unit for the BFL

model, and smaller than a length of an effective bond for the

BS model—there are characteristic differences between the

various models. On such small scales, model-specific

features clearly are present. However, it is gratifying that

a universal, model-independent behavior of the displace-

ment versus time curve is already found on length scales

comparable to the bond length: the idea behind the

introduction of the coarse-grained models (Figs. 7 and 9)

has been that they describe correctly the polymer chains on

mesoscopic scales of both length and time, and therefore it

has been a crucial test to demonstrate that they actually can

be mapped onto each other.

We now return to the mean square displacements of the

BS model and consider the temperature dependence of the

diffusion constant DðTÞ; that is estimated from the data via

the standard Einstein relation, Eq. (72) (Fig. 32). One finds a

decrease of DðTÞ over several decades, and for 0:46 # T #

0:70 the data are very well fitted by a Vogel–Fulcher

Fig. 28. (a) Volume vðTÞ per effective monomer in a slow cooling

computer experiment, starting at pressure p ¼ 1 from a well-

equilibrated configuration at T ¼ 0:6; in LJ units, and lowering T

every 500 000 MD time steps by 0.02. From Binder et al. [102]. (b)

Specific volume v versus temperature T for a poly(vinylacetate)

polymer. The plot shows the effect of duration of experiment on the

glass transition temperature, i.e. Tg ¼ Tgð100 hÞ , Tgð0:02 hÞ: Data

extracted from Fig. 1 of Ref. [14].
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relation, with TVF ¼ 0:34 ^ 0:01: As in Section 5.2, for this

case (pressure p ¼ 1) the mode coupling critical tempera-

ture is much higher, namely Tc ¼ 0:45 ^ 0:01; and hence

this model straightforwardly yields the expected order of the

various characteristic temperatures, TVF , Tg , Tc: Of

course, the value of Tg ¼ 0:41 seen in Fig. 28(a) surely

depends on the cooling rate, and is expected to decrease

towards somewhat lower temperatures closer to TVF if one

were able to study substantially slower cooling procedures

(which we did not find practical to verify, because it would

need substantial effort in computing resources). Unfortu-

nately, also no information on the static properties and the

relaxation behavior in (meta-)stable equilibrium in the

temperature range T # Tc is available. Development of

simulation methods that overcome this major limitation

remains one of the big challenges for the future.

5.2. Another test of mode coupling theory

At long times the BFL and BS models exhibit very

similar dynamic behavior. This is highlighted by the scaling

plot of Fig. 31. As soon as chain connectivity begins to

dominate the motion of the monomers, the mean square

displacements of both models qualitatively agree with each

other. This agreement gradually worsens for smaller times

and is finally lost in the plateau region of g1ðtÞ and, of

course, on short time scales where the microscopic features

of the simulation technique (Newton versus Monte Carlo

dynamics) become important.

The deviations in the plateau region may have two

origins. They are partly due to the different temperature

regimes considered. The results of the BS model are

obtained at T ¼ 0:46 and thus very close to Tc ¼ 0:45:

Those of the BFL model, however, correspond to a much

larger distance to the critical temperature ½ðT 2 TcÞ=Tc $

0:53; Tc ¼ 0:15�; where the intermediate plateau is not

visible yet (see also Figs. 26 and 27(a)).

On the other hand, one would not expect a perfect

coincidence of the data if lower temperatures were included

for the BFL model. The time window of the plateau

corresponds to the b-/a-relaxation of MCT. The time

evolution in this regime is determined by non-universal

parameters which depend on the structural properties of the

glass former and are thus different for the BFL and BS

models.

However, the underlying mechanism responsible for the

temporary intermittence of the dynamics is expected to be

the same: It is the mutual, self-generated blocking of a

particle and its neighbors (‘cage-effect’) when temperature

approaches Tc: The intermittence of monomer dynamics is

present in both models, as a comparison of the mean square

displacements (Figs. 23 and 29) and of the incoherent

scattering functions (Figs. 24(a) and 33) indicates. This

suggests to attempt an analysis in the framework of MCT.

Such an analysis was made for both models, but it was more

Fig. 29. Left hand panel: a log–log plot of the mean square displacements of an inner monomer, g1ðTÞ; and of the chains’ center of mass, g3ðtÞ;

versus time for T ¼ 0:48: The thick solid line is the Rouse model formula for g1ðtÞ; see Eq. (90) below. The initial ballistic behavior for g1ðtÞ and

g3ðtÞ; i.e. g1ðtÞ ¼ kv2lt2 ¼ 3Tt2 and g3ðtÞ ¼ 3Tt2=N; kv2l being the mean square thermal monomer velocity and the late time diffusive behavior

are indicated as dashed lines. In addition, a power law fit g1ðtÞ / tx with an effective exponent x < 0:63 is shown as a thin solid line. The dashed

horizontal lines represent the radius of gyration R2
g (<2.09; upperline) and the plateau value 6r2

sc of the MCT analysis (<0.054; lower line),

respectively. The dashed line indicates the b-time scale t1: Additionally, the mode coupling approximation in the b-relaxation regime is shown

as a thin solid line. Right hand panel: a schematic picture of the motion of a monomer in its cage. In the ballistic and early b-regime, the

monomer performs a rattling motion in its local environment (indicated by $ ). Suppose that a ‘hole’ opens due to a fluctuation of the

surrounding particles with the result that the monomer can move in the direction of the bold arrow. This does not necessarily lead to an escape

from the cage because the monomer might be pulled back by the bonds to its neighbors in contrast to the behavior in a simple liquid. Therefore,

the a-relaxation is dominated by chain connectivity, i.e. by polymer-specific effects. From Baschnagel et al. [80].
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extensive for the BS model than for the BFL model (Section

5.1). The following paragraphs highlight some results of this

analysis. More details can be found in Refs. [76–80,100,

106,107].

5.2.1. Overview: time regimes and possible theoretical

descriptions

To distinguish the different time regimes and to

introduce possible theoretical descriptions the present

section discusses the incoherent intermediate scattering

function fs
qðtÞ [78]. Qualitatively, the coherent counterparts

of the melt and of the chains exhibit the same behavior [106,

107].

Let ~rnðtÞ denote the position of the nth monomer at time t

and N the total number of monomers. The incoherent

intermediate scattering function can then be defined by Eq.

(74), i.e.

fs
qðtÞ ¼

1

N

XN
n¼1

kexpði~q·½~rnðtÞ2 ~rnð0Þ�Þl:

Physically, this quantity measures the displacement of a

monomer in reciprocal space. The dominant contribution

comes from displacements of the order of 2p=q:

The typical decay of this correlation function is shown in

Fig. 33 for a temperature close to, but above Tc: At early

times fs
qðtÞ decreases quickly. It is well described by a

Gaussian approximation

fs
qðtÞ ¼ exp 2

1

6
q2g0ðtÞ

� �
; ð77Þ

since ~rnðtÞ2 ~rnð0Þ is small at short times. In Eq. (77) g0ðtÞ

represents the mean square displacement of all monomers. It

was determined independently in the simulation so that the

comparison involves no adjustable parameter.

Eq. (77) progressively deviates from the simulation data

in an intermediate time interval where the relaxation is

protracted and fs
qðtÞ is close to the non-ergodicity parameter

f sc
q [15,108]. This time interval corresponds to the b-

relaxation regime of MCT. MCT predicts that all correlation

functions, which couple to density fluctuations, should

decay in two steps in the vicinity of the critical temperature.

The first step leads towards the plateau value f sc
q and the

second step away from it. The time evolution of this b-

process is (to leading order) given by (see also Eq. (14) and

Refs. [15,108])

fs
qðtÞ ¼ f sc

q þ hs
qGðtÞ; ð78Þ

where GðtÞ is the time and temperature dependent b-

correlator and hs
q a temperature independent critical

amplitude.

The physical picture underlying Eq. (78) is that particles

in a liquid are permanently enclosed in ‘cages’ formed by

their neighbors. At high temperatures, all particles are

mobile. The cages open frequently by fluctuations, and the

Fig. 30. The master curve of the mean square displacement of an

inner monomer g1ðtÞ versus the rescaled time Dt (D: diffusion

coefficient of a chain). The master curve ( ¼ thick solid line in the

inset and the main figure) is constructed from the temperatures

T ¼ 0:48; 0.49, 0.50, 0.52, 0.55, 0.60, 0.65, 0.7, 1, 2, and 4 {from

left to right in the inset; the labels of the inset axes are identical to

those of the main figure}. The thick dash-dotted line is a master

curve constructed from the simulation data for a binary LJ mixture

[105], including temperatures from 0:466 # T # 5: Since Tc <
0:435 for the binary mixture, but Tc < 0:45 for the present polymer

model, the lowest temperatures correspond to the same distance to

the critical point, i.e. T 2 Tc ¼ 0:03; in both cases. Additionally,

two thin straight lines are shown, indicating a power law fit to the

monomer displacement, g1ðtÞ / tx with x < 0:63; and the late time

diffusive behavior 6Dt which is common to the simple liquid and

the polymer data. The thick dashed line is a fit to an effective von

Schweidler law (see text). The dashed horizontal lines represent the

end-to-end distance R2
e (<12.3; upper line) and the radius of

gyration R2
g (<2.09; lower line), respectively. From Baschnagel

et al. [80].

Fig. 31. Comparison of g1ðtÞ=kR2
gl plotted versus Dt=kR2

gl for the off-

lattice polymer model (full curve) with the corresponding Monte

Carlo results for the BFL model, at three temperatures. From Binder

et al. [102].
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enclosed particle can escape. However, as temperature

approaches Tc; they progressively hinder their mutual

motion. This leads to a temporary arrest of a particle in its

local environment. The signature of this ‘cage-effect’ is a

two-step relaxation of fs
qðtÞ (and related correlation

functions [106,107]). Fig. 33 indicates that this picture

developed for simple liquids is also applicable to the

polymer model under consideration.

The decay away from the plateau signals the onset of

the final structural relaxation, the a-process. A commonly

used description of the a-process is the Kohlrausch

function (Eq. (9))

fs
qðtÞ ¼ f sK

q exp 2
t

tsK
q

 !bsK
q

2
4

3
5; ð79Þ

with a stretching exponent bsK
q , 1: In general, Eq. (79) is

not a solution of MCT, except if q !1 [109]. Then, f sK
q ¼

f s
q and bq is given by the (q-independent) von Schweidler

exponent b which characterizes the relaxation away from f s
q

at the beginning of the a-process (see Section 2.1 and Ref.

[15]). Motivated by this theoretical result we chose f sK
q ¼ f s

q ;

which fixes the relaxation time tsK
q by fs

qðt
sK
q Þ ¼ f s

q =e so that

bsK
q is the only open parameter. For the present model,

Fig. 33 suggests that bsK
q ¼ b ¼ 0:75 is compatible with the

simulation data already for q $ 3 [78], although a very

detailed comparison of Eq. (79) with both incoherent and

coherent scattering functions rather indicates that a fit with

three open parameters yields better results at long times

[107]. In any case, the Kohlrausch function represents a

reasonable description for the a-process of our model.

5.2.2. Relaxation on intermediate time scales: b-process

Eq. (78) implies that the space- and the time-depen-

dences factorize from one another. To check this so-called

‘factorization theorem’ [15,108] a simple test was proposed

in Refs. [111,112]. Let t0 and t00 denote two times belonging

to the b-regime. If one then calculates the ratio

Rs
qðtÞ ¼

fs
qðtÞ2 fs

qðt
0Þ

fs
qðt

00Þ2 fs
qðt

0Þ
¼

GðtÞ2 Gðt0Þ

Gðt00Þ2 Gðt0Þ
; RðtÞ; ð80Þ

Eq. (78) requires the q-dependence to cancel. Rs
qðtÞ should

only depend on temperature and time via GðtÞ: The

advantage of this approach is that it does not invoke a

complicated (and perhaps contestable) fit procedure. It

works directly with the simulation (or experimental) data.

Instead of eliminating the spatial variation one can also

remove the time dependence by computing a similar ratio at

Fig. 32. Self-diffusion constant DðTÞ of the equilibrated supercooled melt at a pressure p ¼ 1 plotted versus temperature. For T # 0:7 the data

can be fitted to a Vogel–Fulcher law, D ¼ D0 exp½2Eact=ðT 2 TVFÞ�; with TVF < 0:34: From Bennemann et al. [76].

Fig. 33. Comparison of fs
qðtÞ (W) for T ¼ 0:48 and q ¼ 6:9 (<

maximum of SðqÞ) with various theoretical approximations: a

Gaussian approximation (Eq. (77)) (dashed line), the MCT result for

the b-regime (Eq. (78) plus corrections [110]) (solid line) and the

Kohlrausch function (Eq. (79)) (dotted line). The non-ergodicity

parameter f sc
q is indicated as a horizontal dashed line. From

Baschnagel et al. [80].
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the same t, but different q. This quantity reveals the length

scales of the b-process. Since the interpretation of spatial

processes is often easier in real than in reciprocal space, the

Fourier transform of the intermediate scattering functions,

the van Hove correlation functions GXðtÞ; was calculated

[106]. Here, the index ‘X’ stands for the self (X ¼ s) and

distinct parts (X ¼ d) of the van Hove functions. In the b-

regime GXðtÞ obeys a relation analogous to Eq. (78)

GXðr; tÞ ¼ FXðrÞ þ HXðrÞGðtÞ; ð81Þ

where FXðrÞ and HXðrÞ are the Fourier transforms of the

corresponding non-ergodicity parameters and critical ampli-

tudes, respectively. Following Refs. [105,112,113] we can

choose any time t0 from the b-regime and an arbitrary value

for r0 to define

~RXðr; tÞ ¼
GXðr; tÞ2 GXðr; t

0Þ

GXðr
0; tÞ2 GXðr

0; t0Þ
¼

HXðrÞ

HXðr
0Þ

; ~RXðrÞ: ð82Þ

This ratio is expected to be independent of temperature close

to Tc [15].

Representative simulation results for Rs
qðtÞ; ~Rsðr; tÞ and

~Rdðr; tÞ are compiled in Fig. 34. The upper panel shows that

there is an intermediate time window where the data for

Rs
qðtÞ collapse onto a q-independent master curve, whereas

they splay out at both shorter and longer times. These times

correspond to the microscopic and to the a-relaxation

regimes, for which the factorization property Eq. (78) is

neither predicted, nor does it hold accidentally. Similar

behavior is obtained for all temperatures which exhibit a

two-step relaxation of the incoherent and coherent scattering

functions [106].

The second and the third panels corroborate this

conclusion. The results obtained for Eq. (82) at different

times from the b-regime also collapse onto a master curve

for both Gsðr; tÞ and Gdðr; tÞ: The collapse is not possible

outside this intermediate time window, and the resulting

master curves are independent of temperature as expected

theoretically [15]. Therefore, Fig. 34 supports the signifi-

cance of the factorization theorem for our model.

Furthermore, the spatial variation of HXðrÞ=HXðr
0Þ

provides information about the length scales of the b-

relaxation. For both van Hove functions, HXðrÞ quickly

decays to zero after a few interparticle distances. Thus, the

b-relaxation comprises monomer rearrangements which

involve particles up to about the forth nearest neighbor shell.

The dominant contribution comes from cooperative dis-

placements of a monomer and its first and second neighbors.

This local character of the dynamics is an illustration of the

‘cage effect’ [15].

5.2.3. Relaxation on long time scales: a-process

If the prefactor and the stretching exponent of Eq. (79)

are independent of temperature, a plot of the scattering

function versus t=tsK
q ðTÞ should make data obtained for

different T collapse onto a master curve. This is an example

of the so-called ‘time–temperature superposition principle

(TTSP)’ (Section 1). The idealized version of MCT [15]

derives the TTSP as one characteristic property of the a-

process. The TTSP implies that any time within the window

of the a-process, and not necessarily tsK
q ðTÞ; may be chosen

to rescale the correlators.

Fig. 35 tests this idea for the coherent intermediate

scattering function fqðtÞ at a wave vector close to the

maximum of SðqÞ [107]. A definition of the relaxation time

tq; which is easy to realize in the simulation, is to take the

time when the correlator has decayed to a certain (small)

Fig. 34. Test of the factorization theorem (78) by plotting the ratios

Rs
qðtÞ (Eq. (80)), ~Rsðr; tÞ and ~Rdðr; tÞ (Eq. (82)) versus t. From top to

bottom the three panels show the results for the incoherent

scattering function (at T ¼ 0:46) and for the self and distinct parts

of the van Hove functions (both at T ¼ 0:48). In the b-regime all

curves collapse onto a single master curves. For Rs
qðtÞ the times t0

and t00 were chosen as t00 ¼ 0:610 and t0 ¼ 86:43: They are arbitrary.

However, it is best to take values at the start and end of the b-region

to obtain a large denominator. By definition, Rs
qðt

00 ¼ 0:610Þ ¼ 1

and Rs
qðt

0 ¼ 86:43Þ ¼ 0 (see upper panel). The second and third

panels depict ~Rsðr; tÞ and ~Rdðr; tÞ for nine times from the interval

t00 ¼ 0:988 # t , t0 ¼ 21:97 for T ¼ 0:48: t0 and t00 may again be

chosen arbitrarily from the b-regime. Similarly, r0 is arbitrary. We

took r0s ¼ 0:13253 and rd
0 ¼ 1:1025 for the self and distinct parts,

respectively. By definition, ~Rsðr
0
s ¼ 0:13253; tÞ ¼ 1 and ~Rdðr

0
d ¼

1:1025; tÞ ¼ 1: For the distinct correlator the static pair-distribution

function gðrÞ (rescaled) is shown as a dotted line. rp .
ffiffi
6

p
rsc is the

zero of ~Rsðr; tÞ: For 0:46 # T # 0:52 all ~Rsðr; tÞ and ~Rdðr; tÞ fall on

the same master curves as obtained for T ¼ 0:48: Figure adapted

from Ref. [106].
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value that belongs to the a-regime. For instance, fqðtqÞ ¼

0:1: With this choice it is possible to superimpose the late-

time decay of fqðtÞ on a common master curve for all T &

0:65: Deviations occur for higher temperature and for T ¼

0:46 which is closest to Tc ( ¼ 0.45). Similar results are

obtained for all wave vectors and for incoherent scattering

[78,107].

Within the framework of MCT, the TTSP is an

asymptotic result of the idealized theory close to Tc: This

can explain deviations at high T. On the other hand, if

temperature is too close to Tc; additional relaxation channels

which are ignored in idealized MCT outweigh the cage

effect. This avoids the absolute freezing at Tc predicted on

the basis of the cage effect alone. Whether the TTSP is

preserved in the extended version of MCT [15,16] is unclear

at present. Deviations close to and below Tc are therefore

also expected within the theory.

A by-product of testing the TTSP are the T- and q-

dependences of the a-relaxation time tq: When temperature

approaches Tc from above, the idealized MCT predicts a

divergence of tq (Eq. (23))

tq , ðT 2 TcÞ
2g

: ð83Þ

From the b-analysis estimates of the critical temperature

ðTc ¼ 0:45Þ and of the exponent g ðg ¼ 2:09Þ are known. To

test Eq. (83), we fixed Tc ¼ 0:45 and determined g for

different q [78,107], and furthermore for various polymer-

specific correlation functions (bond vector and end-to-end

vector correlation functions) [77]. Fig. 36 shows that the

resulting g-values are close to g ¼ 2:09; but exhibit a

systematic decrease when larger length scales (i.e. smaller q-

values) are studied. Furthermore, the results derived from the

bond vector and end-to-end vector correlation functions

exhibit the same g-values within the error bars, irrespective

of the length scale studied along the backbone of the chain.

These values correspond to those obtained from the

scattering functions at small q. Similar results are also

found in Ref. [77] when comparing the temperature

dependence of the Rouse modes with that of the diffusion

coefficient.

Fig. 36. Values of g; determined from the temperature dependence of various correlation times, for two different thermodynamic paths, which

yield the same critical temperature (constant pressure p ¼ 1; and constant density rðT ¼ Tc; p ¼ 1Þ ¼ 1:042; see sketch right beside the graph).

On the abscissa, the relaxation times are quoted, from which g was determined: tE1 ¼ rel: time of the first Legendre polynomial of the end-to-

end vector, tE2 ¼ rel: time of the second Legendre polynomial of the end-to-end vector, tB1 ¼ rel: time of the first Legendre polynomial of the

bond vector, tq ¼ rel: time of fs
qðtÞ for the respective q-value. For both the isobaric and the isochor path the error bars are about 10%, which is

rather large, since g is fairly sensitive to varying Tc: Within the error bars, g does not depend on the thermodynamic path. The prediction of the

b-analysis, g ¼ 2:09; is shown as a horizontal dashed line. From Bennemann et al. [79].

Fig. 35. Testing the TTSP of the a-process for the coherent

intermediate scattering function fqðtÞ at q ¼ 6:9 [< maximum of

SðqÞ]. The temperatures investigated are: T ¼ 0:46; 0.47, 0.48, 0.50,

0.52, 0.55, 0.6, 0.65, and 0.7 (from left to right in the figure). At

T ¼ 0:46 (dot-dashed line) the TTSP does not work as well as for

the other temperatures. The a-relaxation time is defined as the

decay time to 0.1, i.e. fqðtqÞ ¼ 0:1 (dotted horizontal line). The

non-ergodicity parameters f c
q obtained from the b-analysis is shown

as a dashed line. Figure adapted from Ref. [107].
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Additionally, Fig. 36 compares results from an

isobaric simulation at p ¼ 1 with an isochoric simu-

lation with a density determined at ðT ¼ Tc; p ¼ 1Þ:

Thus, both simulations have the same critical point.

MCT predicts that exponents, like g; are static

quantities determined by SðqÞ (and other thermodynamic

properties) at Tc: This implies that the measured g-value

should be independent of the chosen thermodynamic

path, if the paths have the same critical point. Fig. 36

supports this expectation.

The dependence of the a-relaxation time on the wave

vector is compared in Fig. 37(a) with that of Sq and of the

non-ergodicity parameter f c
q obtained from a MCT b-

analysis of fqðtÞ [106,107]. The comparison of the three

quantities shows two interesting features: If q * qmax and

temperature is close to Tc; both f c
q and tq exhibit

modulations which closely resemble the oscillations of Sq:

This is very pronounced at the maximum qmax of the static

structure factor, but also visible around the first minimum of

Sq: This observation implies that the relaxation of the melt is

particularly slow on the local length of qmax close to Tc:

Qualitatively, the same behavior is also found in simulations

of simple liquids (see Refs. [105,112] for instance) and in

neutron scattering experiments on polybutadiene [114] (Fig.

37(b)). This suggests that the observed feature is indepen-

dent of the microscopic structure of the glass former, as

proposed by MCT [15].

However, the simulation results indicate that there is

another q , qmax;where the relaxation becomes slow. Around

q < 4:5 the inverse relaxation time exhibits a broad minimum

and f c
q has a weak shoulder, whereas Sq smoothly decays to 0

in this q-range. A similar feature is not observed in simple

monatomic liquids (see Ref. [115]) or in the neutron

scattering experiments on polybutadiene cited above.

A possible explanation could be as follows: The wave

vector q < 4:5 is close to 2p=Rg ¼ 4:35: The slowing down

of the relaxation on this scale could therefore be interpreted

as a consequence of the ‘packing’ of the soft polymer coils

in the melt, which contributes to the sluggish relaxation of

the melt like that of monomers at qmax: Since Rg is a length

scale specific to polymers, the feature cannot be observed in

simple monatomic liquids. However, the simulations

suggest that it should be visible in the neutron scattering

experiments on polybutadiene in the q-range corresponding

to Rg: Using the estimate Rg < 106 Å one expects a

maximum of the relaxation time to occur for

q < 0:05 Å21, which is outside the experimentally studied

q-range. This might be reason why the feature has not been

observed (up to now).

5.3. Motion on mesoscopic scales: the Rouse model

In Section 5.1 it is demonstrated (Figs. 29–31) that

in the mean square displacements of the monomers one

has a regime of times, when the monomers have left the

cages formed by their neighbors, which is no longer

well described by MCT, but is not yet describable by

free diffusion of the whole chain either. In the present

section we demonstrate that for this range of lengths,

much larger than the displacement of a monomer inside

Fig. 37. (a) Static structure factor Sq; inverse collective a-relaxation

time 1=tqðTÞ (scaled) and non-ergodicity parameter f c
q (scaled)

versus q at T ¼ 0:46 for the BS simulation model. The a-relaxation

time is defined by fqðtqÞ ¼ 0:1 [107] and f c
q is derived by a b-

analysis of the coherent scattering function fqðtÞ [106]. Vertical

long dashed lines are drawn at 2p=Rg ¼ 4:35 and at qmax < 7:15; the

maximum of Sq: Figure adapted from Refs. [106,107]. (b) Same

data as in (a), but obtained from neutron-spin echo experiments of

deuterated cis– trans-vinyl (47:46:7) polybutadiene (molecular

weight: Mw ¼ 93 000 ðRg < 106 �AÞ; Mw=Mn; Tg ¼ 181 K,

Tc < 216 K [114]) [17]. The solid line represents the static structure

factor at 230 K, the circles (W) and crosses ( £ ) depict the non-

ergodicity parameter, and the squares (A) show the inverse

Kohlrausch-relaxation tK
q multiplied by its value at the maximum

of Sq; i.e. at q ¼ 1:48 �A21: Both the non-ergodicity parameter and

the relaxation time were obtained by superimposing the exper-

imental data of T ¼ 220 and 260 K according to the TTSP and by

fitting the resulting master curve by a Kohlrausch function (Eq.

(79)). From Ref. [17] with permission.
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a cage but smaller than the chain radius, a description

in terms of the Rouse model [3] provides a good

description of the dynamic behavior (not only for the

BS model [77] but also for the BFL model [98]).

As is well known, the Rouse model considers the

problem of a single Gaussian chain (no excluded volume

interaction) in a heat bath that induces random confor-

mational changes of the coil; the heat bath is described in

terms of random forces, which obey a fluctuation–

dissipation relation with a friction term, the friction

coefficient zðTÞ being one of the basic input parameters of

the theory. The equation of motion for the position ~rnðtÞ of

an effective monomer is then

zðTÞ
d~rnðtÞ

dt
¼

3kBT

b2
½~rnþ1ðtÞ2 2~rnðtÞ þ ~rn21ðtÞ� þ ~fnðtÞ; ð84Þ

with (a, b denote here the cartesian coordinates)

kfnaðtÞfmbðt
0Þl ¼ 2zðTÞkBTdnmdabdðt 2 t0Þ: ð85Þ

The Rouse modes, defined as the cosine transforms of the

position vectors ~rnðtÞ;

~XpðtÞ ¼
1

N

XN
n¼1

~rnðtÞ cos
ðn 2 1=2Þpp

N

� �
;

p ¼ 0;…;N 2 1;

ð86Þ

are normal coordinates of the chain, since for p – q they are

orthogonal to each other

k~Xpð0Þ·~Xqð0Þl ¼
b2

8N
sin22ðpp=2NÞdpq; ð87Þ

which for large N and p=N p 1 reduces to the simple power

law

k~Xpð0Þ·~Xqð0Þl ¼ ½Nb2
=ð2p2p2Þ�dpq: ð88Þ

In addition, the normalized time autocorrelation function of

the Rouse modes is a simple exponential

fpqðtÞ ¼
k~XpðtÞ·~Xqð0Þl

k~Xpð0Þ·~Xqð0Þl
¼ dpq expð2t=tpðTÞÞ; ð89Þ

where the relaxation time tpðTÞ of the pth Rouse mode has

already been quoted in Eq. (5).

An interesting consequence of the orthogonality of the

Rouse modes emerges for the mean square displacements of

the monomers, which can be written as

k½~rnðtÞ2 ~rnð0Þ�
2l

¼ g3ðtÞ þ 8
XN21

p¼1

kl~Xpð0Þl
2l½1 2 fppðtÞ�

cos2 ðn 2 1=2Þpp

N

� �
: ð90Þ

Note that Eq. (90) neither implies that the p-dependence of

Eq. (87) must be valid, nor that the decay of fppðtÞ is a

simple exponential (Eq. (89)).

In the context of a computer simulation, where full

information on the coordinates of all effective monomers at

all times is readily available, it is a straightforward matter to

work out the ð~XpðtÞÞ for all polymers in the system and

evaluate the various correlation functions. In this way it

could be convincingly demonstrated [77,98] that indeed the

equal-time Rouse modes are not correlated with each other,

providing another clear piece of evidence that the chains

obey Gaussian statistics at all temperatures investigated.

Fig. 38 shows that also Eq. (88) is a reasonable

approximation, despite the shortness of the chains.

Fig. 39 now analyzes the time correlation function of the

Rouse modes, showing a few selected examples, where we

denote fppðtÞ simply as fpðtÞ: While for p ¼ 1 the relaxation

is almost a simple exponential over a wide regime of times

ð1021 # t=t1 # 10þ1Þ; for larger p the relaxation is

distinctly non-exponential, and can be represented rather

well by a Kohlrausch law, Ap expð2ðt=tpÞ
bp Þ; for the same

regime of times, 1021 # t=tp # 10þ1: It turns out that both

the amplitude Ap and the Kohlrausch exponent bp decrease

systematically with increasing p (from bp ¼ 0:92 for p ¼ 2

to bp ¼ 0:83 for p ¼ 9 [77]). Similar conclusions were

drawn from a corresponding analysis of fpðtÞ in the BFL

model [98], but since this study was limited to temperatures

T $ 0:23; the onset of plateaus in fpðtÞ for t p tp; which is

quite evident in Fig. 39 for p ¼ 5; could not be resolved well

in the lattice model study [98]. Furthermore, due to the

absence of vibrational motion in the MC simulation, the

short-time decorrelation onto the plateau (the Debye–

Waller factor) is in general less pronounced for the MC

simulation. Of course, the larger p the more fpðtÞ becomes

sensitive to relaxation at the local scale, and therefore the

relaxation behavior associated with the cage effect, as

described by MCT, must show up in the early time

relaxation of the function fpðtÞ for large p, as is obviously

the case in Fig. 39. Of course, this conclusion is consistent

with the behavior of the mean square displacements, already

shown in Fig. 29, where Eq. (90) was included as a thick

line, and indeed provides a perfect fit over the full range of

times. This agreement between Eq. (90) and the direct

simulation data for the monomer displacements is a

compelling evidence that the orthogonality of the Rouse

modes, also at non-zero times, is an excellent approximation

also in a model of a dense polymer melt near the glass

transition. Nevertheless, the simple exponential decay with

time (Eq. (89)) does not become exact even at temperature

more than a factor of two higher than Tc (Fig. 40). Due to the

increase of bp with mode index p both in the BFL model

[98] and in the BS model [77], a ‘time-mode superposition

principle’ (trivially implied by Eq. (89) with bp ; 1) does

not hold. While the detailed numbers extracted for bp are to

some extent model-dependent and hence cannot be used for

interpreting real experiments without precautions, the

general similarity of two rather different models studied
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and the agreement with findings from simulations of

chemically realistic models [7,8] gives us confidence to

state that the general features of these results, namely the

non-exponential character of fpðtÞ and the increase of bp

with p, hold generally. Remarkably, the p-dependence of the

relaxation time tp is predicted by the Rouse model again

very well (Fig. 41(a)). At the same time, the temperature

dependence of tp is well described by the critical power law

tp / ð1 2 T=TcÞ
2g with a p-independent critical tempera-

ture Tc and a p-independent exponent g ¼ 1:83 ^ 0:02; Fig.

41(b). These results imply that, apart from a drop in the

Kohlrausch exponent bp of the modes from their respective

high temperature values to reduced values which are

temperature independent in a temperature regime close to

and above Tc; the main effect of the slowing down in a

glassforming polymer melt is incorporated in the tempera-

ture dependence of the friction coefficient zðTÞ; which picks

up the temperature dependence of MCT (at least for T . Tc;

which is only available). As a caveat, we mention that the

temperature dependence of the relaxation times tp; as other

measures of structural a-relaxation, can always be rather

well fitted alternatively to a Vogel–Fulcher law as well. In

the analysis of the BFL model [98], it was shown that the

Vogel–Fulcher temperature TVF resulting from such fits

Fig. 38. Log–log plot of the mean square amplitude of the Rouse modes, kl~Xpð0Þl
2l versus mode index p, for the BS model (a) and the BFL

model (b). Several temperatures are shown, and the theoretical expectation for the discrete version (Eq. (87)) and the continuous version (Eq.

(88)) of the Rouse model are included in case (a), together with a phenomenological power law fit ð/p22:2Þ; while only Eq. (88) is shown for

case (b). In both cases, the prefactor was not adjusted, but calculated from the end-to-end distance according to b2 ¼ R2=ðN 2 1Þ: From

Bennemann et al. [77] (a) and Okun et al. [98] (b).
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does not depend on the mode index p, and agrees with the

results obtained from other relaxation times (shown in Fig.

25) within statistical errors.

6. Confined polymer melts and the search for a glass

correlation length

A long-standing idea in the research on the glass

transition is that the slowing down of the structural

relaxation is triggered by an underlying correlation length

j which increases as the temperature is lowered towards Tg

[48–50]. If such a growing length existed, it should be

truncated by spatial confinement as soon as j reaches the

typical dimension, D, of the restrictive geometry. Investi-

gations of the glass transition in confinement should thus be

able to detect j without having to know the physical nature

of the correlations and to determine the corresponding

Fig. 39. Correlation function of the first (a) and fifth (b) Rouse mode versus rescaled time t=t1 (or t=t5; respectively) for the BS model at seven

temperatures (a) [T ¼ 0:49; 0.5, 0.52, 0.55, 0.6, 0.65, 0.7, and 1] or five temperatures (b) [T ¼ 0:47; 0.49, 0.52, 0.7, and 1], respectively. The

Rouse time tp is always defined from the condition fpðt ¼ tpÞ ¼ 0:3; validity of Eq.(89) then would imply fpðtpÞ ; expð21:2t=tpÞ; and this

function is included in the graph. In addition, Kohlrausch functions 0:979 exp½21:19ðt=t1Þ
0:98� (case a, broken line) and 0:948 


exp½21:15ðt=t5Þ
0:87� (case b, dotted line) are included. In addition, the thick broken line in case (b) shows a fit to the von Schweidler law. From

Bennemann et al. [78].
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Fig. 40. (a) Autocorrelation functions k~XpðtÞ·~Xpð0Þl=kl~Xpð0Þl
2l of the first six Rouse modes of the BFL model plotted versus rescaled time t=tp at

T ¼ 0:23: From Okun et al. [98]. (b) Same as (a) but for all nine modes of the BS model at T ¼ 1 (normal liquid state of the melt), including also

the simple exponential {expð21:2t=tpÞ}: From Bennemann et al. [77] (c) Same as (b) but for T ¼ 0:49; a state close to the critical temperature

Tc ¼ 0:45 of the melt. From Bennemann et al. [77].
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correlation function first, which might be hard to measure.

The simplicity of this approach, on the one hand, and the

possibility to contribute an important information on the

fundamentals of the glass transition, on the other hand, have

elicited many recent studies on the dynamics of glass

formers in pores or thin film geometries and on the shift of

Tg induced by the confinement [116,117].

However, the situation is fairly complicated. Surface

effects seem to play an important role so that the

interpretation of the results in terms of a growing length

remains ambiguous. Whether Tg is increased or decreased

depends on the interaction of the glass former with the

substrate. If it is attractive, a largely immobile surface layer

presumably forms, which dominates the dynamics of the

glass former in strong confinement (narrow pores, thin films,

etc.). This may explain the increase of Tg which is generally

observed in these systems [118–120]. On the other hand, if

the interaction is fairly weak or almost neutral, experiments

often find a decrease of Tg [120–123].

Since the precise influence of the substrate on the glass

former is often unknown, a series of experiments on free-

standing films were undertaken (see Refs. [124,125] for

comprehensive reviews). In this set-up the substrate is

removed and the film is confined by two equivalent

Fig. 41. (a) Variation of the Rouse mode relaxation time tp with the mode index p for the BS model and four different temperatures, as indicated.

tp is rescaled by the diffusion time R2=D: The prediction for the Rouse time (Eq. (5)) was rescaled by a factor 1.62 in order to fit the data at

p ¼ 1; 2; and 3. (b) Log–log plot of the Rouse relaxation time tp versus T 2 Tc for the first five Rouse modes, showing also a power law fit for

p ¼ 4 (gp ¼ 1:83 ^ 0:02; within the error bars, this exponent provides a reasonable fit for all p shown) and the exponent g ¼ 2:09 resulting from

the MCT b-analysis (Section 5.2). From Bennemann et al. [77].
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air–polymer interfaces. However, this approach is some-

times criticized, since one cannot cool down well-equili-

brated fluid films from high temperatures in this geometry,

since far above Tg free-standing fluid films are mechanically

unstable against gravity.

Our simulation approach are similar in spirit. It also

studies a system with non-specific interactions: a polymer

melt embedded between two solid, completely smooth

walls. The aim is to understand how the structure and the

dynamics of the polymers are influenced by the confinement

in this idealized situation.

6.1. Melts between repulsive walls

The simulation of thin polymer films requires an

extension of the bulk models described in Section 3. Fig.

42 sketches how this is achieved. To realize a film geometry

smooth walls are introduced on opposite sides of the

simulation box (z-direction). For the BFL model the walls

are just impenetrable obstacles exerting a hard-core

repulsion on the monomers [126], whereas they are modeled

by a soft, but purely repulsive (1=z9)-potential for the BS

model [127,128]. In the remaining two spatial directions

(x; y-directions) periodic boundary conditions are main-

tained. Effectively, this simulates an infinitely long polymer

film confined between two equivalent, completely smooth

(no static friction) substrates. In the simulation the distance

between the walls, the film thickness D, is varied between

D ¼ 6 ð< 1:5RgÞ to D ¼ 60 ð< 15RgÞ for the BFL model

and between D ¼ 5 ð< 3:5RgÞ to D ¼ 20 ð< 14RgÞ for the

BS model.

6.1.1. Static properties exemplified by the monomer density

profile

The introduction of hard walls breaks the spatial isotropy

of the bulk. Directions lateral and perpendicular to the walls

become different. Whereas bulk-like behavior is expected in

the parallel, unconfined direction, the properties of the melt

in perpendicular direction should depend on the distance, z,

from the wall [129].

As an example, Fig. 43 shows the monomer profile

rðzÞ of the BFL [126] and BS models [130]. The

monomer profile is defined as the average density of

monomers at distance z from the (left) wall. For both

models the profile exhibits an oscillatory structure with

a high monomer concentration at the wall. The

amplitude of these oscillations becomes more pro-

nounced with decreasing temperature.

At high temperature, the modulations of rðzÞ can be

explained as originating from the interplay of density and

loss in entropy. Near an impenetrable wall the number of

accessible chain configurations is reduced. This leads to a

loss in (orientational) entropy, which gives rise to an

effective repulsive force pointing away from the wall. This

force competes with another effective force resulting from

the densely packed chains in the inner part of the film. They

tend to push the polymers, which are close to the wall,

towards it. At melt-like densities packing constraints

dominate and the monomers are enriched at the wall.

Since the interaction between monomers at short distances

is strongly repulsive, the enriched wall layer precludes

population of its immediate vicinity. Another enrichment

can only occur at a distance of the monomer diameter, which

in turn leads to a depletion of the subsequent layer and so on.

Therefore, the monomer profile exhibits a sequence of

maxima and minima, similar to those of the pair-distribution

function in the bulk [131], the amplitude of which gradually

vanishes with increasing distance from the wall in a large

film [132–134].

As the temperature is lowered, the oscillations of rðzÞ

become more pronounced and eventually even propagate

through the whole film. For both models this effect is driven

by an increase of the density. The simulations of the BS

model are done at constant pressure. Density has to increase

with decreasing temperature when the pressure is fixed. On

the other hand, the simulations of the BFL model are carried

out at constant volume. Here, the increase of density is

consequence of the model’s energy function whose ground

state renders four lattice sites inaccessible to other

monomers so that the available volume per monomer

effectively decreases (see Fig. 18(b) and Ref. [41]).

These results are also representative of the behavior of

other monomer profiles (inner monomers, end monomers,

all monomers which belong to one chain and occupy the

same layer, etc.). In addition to that, chains which are close

Fig. 42. Sketch of the simulation geometry for thin films. For both

the BFL and the BS models completely smooth walls are placed on

the left and right faces of the simulation box (z-direction). The walls

are a distance D apart. In the ðx; yÞ-directions periodic boundary

conditions are used. This is indicated by the dark-shaded monomer

leaving the simulation box at the top and reentering it at the bottom

(right graph). For the BFL model the walls are realized by a hard-

core potential, whereas a softer, ð1=z9Þ repulsive interaction is used

for the BS model. This choice is motivated by the idea that the wall

represents a crystal of particles which interact with the monomers

by the same LJ potential as is effective between the monomers. The

repulsive part of the leading term of this monomer-wall potential,

which is an average over the ðx; yÞ-directions and takes the

interaction with all crystalline layers in the wall into account

(indicated by the two lines between the dark monomer and the wall

atoms of the first and second layers in the left graph), exhibits a

ð1=z9Þ-dependence on the distance between the monomer and the

wall [129].
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to a wall are flattened and oriented parallel to it. This

preferential orientation randomizes on the length scale of

the bulk radius of gyration. A detailed discussion of these

static properties can be found in two recent review articles

[126,135].

6.1.2. How do hard walls influence the dynamics of the

films?

An important quantity for the analysis of the dynamics in

the bulk was the incoherent intermediate scattering function

fs
qðtÞ: Therefore, this function was also studied for the thin

films. Fig. 44 shows the influence of film thickness on the

time dependence of fs
qðtÞ during cooling for the BFL and the

BS models. For both models the scattering function is

Fig. 44. Time dependence of the incoherent scattering function

fs
qðtÞ for the BFL model (upper panel, from Mischler et al. [126])

and the BS model (lower panel). For both model fs
qðtÞ is shown for a

q-value close to the maximum of the static structure factor and for

temperatures ranging from the normal liquid state to the super-

cooled state of the melt close to Tc of the bulk (. 0:15 and . 0:45

for the BFL and BS models, respectively). Furthermore, two film

thicknesses are compared in both cases: D ¼ 6 (< 1:5Rg; depicted

by symbols) and D ¼ 30 (< 7:5Rg; depicted by lines) for the BFL

model and D ¼ 5 (< 3:5Rg; depicted by symbols) and D ¼ 20

(< 7Rg; depicted by lines) for the BS model. The correspondence

between temperature and line type is indicated in the figure for both

panels. For the symbols it is W ðT ¼ 0:35Þ; p ðT ¼ 0:26Þ; K ðT ¼

0:23Þ; A ðT ¼ 0:2Þ in the upper panel and W ðT ¼ 1Þ; A ðT ¼ 0:6Þ;

£ ðT ¼ 0:45Þ in the lower one.

Fig. 43. Temperature dependence of the monomer density profile

rðzÞ for the BFL model (panel (a), from Mischler et al. [126]) and

the BS model (panel (b), from Varnik et al. [130]). In both figures z

denotes the distance from the (left) wall. The profiles are symmetric

around the middle of the film. Therefore, only the left half is shown.

Panel (a): The film thickness is D ¼ 30 < 7:5Rg: The bulk radius of

gyration Rg increases from Rg . 3:68 at T ¼ 1 (only excluded

volume interaction) to Rg . 4:64 at T ¼ 0:2: These temperatures

are representative of the high-temperature, liquid state and the

supercooled state of the melt (Tc ¼ 0:15 in the bulk), respectively.

The horizontal circles (†) indicate the bulk value rbulk ¼

6:�6 £ 1022: Lines are guides to the eye only. Panel (b): The film

thickness is D ¼ 20 < 14Rg: The radius of gyration remains

(roughly) constant in the studied temperature interval. The

temperatures indicated range from the high-temperature state far

above Tc ( ¼ 0.45) of the bulk to the highly supercooled state close

to Tc: The horizontal circles (†) show the bulk density rbulk:
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calculated at a q-value close to the maximum of Sq (i.e.

q ¼ 2:94 for the BFL model and q ¼ 6:9 for the BS model;

see Fig. 11) and two film thicknesses are compared: D ¼ 6

ð< 1:5RgÞ and D ¼ 30 ð< 7:5RgÞ for the BFL model and

D ¼ 5 ð< 3:5RgÞ and D ¼ 20 ð< 7RgÞ for the BS model.

The figure clearly shows that the structural relaxation

slows down with progressive cooling towards Tc of the bulk

(. 0:15 for the BFL model and . 0:45 for the BS model)

and that both models exhibit similar behavior when

compared for the same distance to Tc: At temperatures far

above Tc (T ¼ 0:35 = ðT 2 TcÞ=Tc . 1:3 for the BFL

model and T ¼ 1 = ðT 2 TcÞ=Tc . 1:2 for the BS model)

the scattering function decays quickly and the influence of D

is weak. However, already at this high T it is evident that the

thin film relaxes faster than the thicker one. This trend

becomes stronger with decreasing temperature and is very

pronounced for the BS model at T ¼ 0:45: Although this

temperature corresponds to Tc of the bulk, the characteristic

signature of a two-step decay is not visible for D ¼ 5: It is

only present for D ¼ 10: For this film thickness the

relaxation is, however, much faster than that of the bulk.

The scattering function vanishes at t < 2000; which roughly

corresponds to the bulk behavior at T ¼ 0:48 (Fig. 33),

whereas the complete decay of fs
qðtÞ in the bulk at T < 0:45

takes about an order of magnitude longer.

These observations suggest that the introduction of hard,

but completely smooth walls speeds up the structural

relaxation and thereby shifts the evolution of the b- and a-

processes to lower temperatures. Fig. 45 shows that this effect

is induced by the walls. When calculating the mean square

displacement, g1ðtÞ; of all inner monomers which always

remain in a narrow interval around their initial z-position one

finds that the motion is bulk-like only in the innermost part

of a thick film. However, it is sped up for monomers close to

the wall. The closer the monomers are to the wall, the faster

their motion, although the density is large at the wall.

A possible explanation of this result might be as follows:

in the systems considered, a competition between two

effects, the smoothness of the wall and the high monomer

density at the wall, could occur. If the density in the first

layer increases, the value of the subsequent minimum of the

density profile decreases (Fig. 43). Therefore, there should

be a threshold rðz ¼ 1Þ ¼ rc; above which the second

minimum becomes zero. This can in turn induce a density

larger rc for the second maximum of rðzÞ; which leads to a

depletion of the following minimum, etc. In this case one

would expect that the high density outweighs the smooth-

ness of the wall and that the dynamics is slowed down. This

has been observed in simulations of binary hard sphere

mixtures [136,137], where the contact density in the first

layer can be more than four times larger than rbulk: On the

contrary, Fig. 43 shows that this effect is much smaller for

the polymer models studied, particularly for the BS model.

Therefore, it is possible that the smoothness of the walls

dominates over density. A completely smooth wall with no

corrugation does not exert any friction on near-by mono-

mers and cuts off the liquid structure (there are less

neighbors). That is, it acts like a lubricant. At temperatures

close to Tc; where the monomers mutually block each other,

the wall-induced truncation of the cages should be very

prominent, leading to faster dynamics with respect to bulk-

like inner part of the film.

6.2. Size effects on the polymer glass transition

The results of the previous section suggest that the glass

transition should be shifted to lower temperatures in the

film. To quantify this expectation one can extract D- and T-

dependences of suitable relaxation times from the simu-

lation data. Fig. 46 shows an example for the BFL model. It

depicts the temperature dependence of the relaxation time

ts
q; defined by fs

qðt
s
qÞ ¼ 0:629; for the thicknesses, D ¼ 6

and 30, and compares the behavior with that of bulk [126].

With decreasing temperature the curves gradually separate

from one another. An extrapolation of this trend to low

temperature by a Vogel–Fulcher equation Eq. (8) yields a

Vogel–Fulcher temperature TVFðDÞ which decreases with

decreasing film thickness, exemplifying the shift of the glass

transition to lower T.

Fig. 45. Layer-resolved mean square displacement of the innermost

monomer, g1ðz; tÞ; versus t for the BS model. The film thickness is

D ¼ 20 ð< 12RgÞ and the temperature T ¼ 0:46 (Tc ¼ 0:45 in the

bulk). z denotes the distance from the (left) wall. The displacements

are calculated parallel to the wall and multiplied by 3/2 (to put them

on the same scale as the bulk data (†) which are averaged over three

spatial dimensions instead of over only two for the film). The

g1ðz; tÞ-data (indicated by lines) are averages over all monomers

between some zmin # z # zmax; which remain in the specified z-

interval for all times shown in the figure. In the middle of the film

ð7:5 # z # 8:5; 9:5 # z # 10Þ; g1ðz; tÞ coincides with g1ðtÞ of the

bulk, whereas it is much faster at the wall ð0 # z # 2Þ: The average

behavior of the film (i.e. the average over all layers) is shown by A.

The dashed horizontal line indicates the plateau value 6r2
sc ð.

0:054Þ of a MCT-analysis performed in the bulk [78,106,107]. From

Varnik et al. [130].
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Similar results have been obtained for the BS model

[130]. In this case, the relaxation time was defined from the

mean square displacements g1; averaged over the whole

film, by determining the time value when g1ðt1Þ ¼ 1: The

resulting relaxation times were fitted by Eqs. (8) and (23),

giving estimates for TVFðDÞ and TcðDÞ; respectively. Fig. 47

shows that results of both approaches agree with one another

and are qualitatively compatible with the experimental data

on supported polystyrene films, although the depression of

TcðDÞ or TVFðDÞ is much stronger for the simulation data

than that of Tg in the experiments.

6.3. Search for a glass correlation length in the bulk

One motivation to study glass formers in confined

geometry is to find evidence for a growing correlation length

j of glass transition in the bulk. A drawback of this approach

is that it is difficult to clearly distinguish between surface

effects and those induced by the conjectured correlation

length. Therefore, it would be desirable if one could enclose

the glass former without perturbing its structure and

dynamics by the interaction with the confining geometry.

Computer simulations allow to realize such a special

kind of confinement. One can vary the size of the simulation

box. This means the following: usually, the simulated

system is contained in a cubic box which is surrounded by

identical copies of itself in all spatial directions (periodic

boundary conditions). If a particle leaves the box on one

side, an identical image particle simultaneously enters the

box from the opposite side. The simulation cell can thus be

thought of as a section of a macroscopic system. This

boundary condition does not influence the structural and

dynamical properties of the system if the box size L3 is large

(and if there is no long-range interactions, no spontaneous

ordering close to phase transitions, or other properties which

give rise to long-range (static) correlations). However, if the

size of the box decreases, finite-size effects may occur. With

respect to the glass transition this could imply that the

expected increase of j at low temperatures is truncated by L

so that the dynamics should shift with system size. The trend

of shift, i.e. faster or slower dynamics with increasing L,

would provide insight into the nature of the underlying

correlations.

The dependence of the diffusion coefficient of a chain

on the box size was studied for the BFL model both in

two [138] and three spatial dimensions [139]. In two

dimensions it was found that the diffusion coefficient at

low T was faster in the small system ðL ¼ 20Þ than in the

larger ones, but seemed to level off for the largest box

sizes studied (L ¼ 40 and 60).

A possible interpretation of these observations could

invoke an analogy to spin glasses [47]. If there was an

underlying correlation length measuring the growth of some

subtle static correlation, one would expect j to increase with

decreasing temperature and the diffusion coefficient to scale

as D , j2z (z is a dynamical critical exponent, see Eq. (46)).

As soon as j . L; D should level off for this L, whereas it

continues to decrease for a larger system. Therefore, the

dynamics becomes faster in small systems at low

temperatures.

However, the application of this idea to two-dimensional

polymer melts has to be taken with some reservations. In

two-dimensional melts the chains are well segregated from

one another. They do not interpenetrate and cannot move

through each other. This is, however, possible in three

dimensions. Thus, one can expect that finite-size effects,

which are not necessarily directly related to the glass

transition, are present in two dimensions.

On the other hand, if the same study is repeated for the

three-dimensional BFL model, one finds that the influence

of L on the diffusion coefficient is negligible (Fig. 21). But

this does not imply that these finite-size effects do never

occur. They have been observed for other models upon

cooling towards Tc; for instance in MD simulations of a

binary LJ mixture [140], of hard sphere mixtures [141,142]

and of silica [143,144]. These studies show that the

dynamics slows down with decreasing box size.

The explanations proposed for this behavior are still

rather diverse. For instance, the simulations of the binary LJ

mixture [140] are interpreted in terms of the so-called

potential energy landscape. That is, the potential energy as a

function of the positions of all particles in the system [145].

For a many-particle system this landscape has a large

number of local minima which are called ‘inherent

structures’ [146]. Recent simulations (see Refs. [140,147,

148] and references therein) emphasize the importance of

these inherent structures for the dynamics in the supercooled

state. Close to Tc the glass former performs transitions from

one minimum to an adjacent one, which are interrupted by

long residence times in the basin of attraction of an inherent

Fig. 46. Temperature dependence of the relaxation times of fs
qðtÞ for

two film thicknesses, D ¼ 6 ð< 1:5RgÞ and D ¼ 30 ð< 7:5RgÞ; and

the bulk. The relaxation time is defined by fs
qðt

s
qÞ ¼ 0:629: The

lines represent fits to the Vogel–Fulcher equation (Eq. (8)). From

Mischler et al. [126].

K. Binder et al. / Prog. Polym. Sci. 28 (2003) 115–172 161



structure. These transitions determine the long-time relax-

ation. In a small system the transitions seem to be

suppressed at low T so that the dynamics is dominated by

intra-basin relaxation [140]. This could explain the increase

of the relaxation time for small L.

On the other hand, the authors of Ref. [141] interpreted

their results by the spatial heterogeneity of the dynamics in

the supercooled state. On cooling towards Tc it is possible to

identify particles which follow each other in a string-like

fashion. These strings form aggregates whose size grows

with decreasing temperature. Hence, finite-size effects on

the dynamics are expected for j , L: The simulations for

various system sizes support this interpretation [141].

The development of such string-like, collective motions

on cooling towards Tc (from above) is not limited to the

hard-sphere model of Refs. [141,149]. It has also been

observed in experiments on colloids [151] and in MD

simulations of binary LJ mixtures and of our BS model (see

Ref. [150] for a recent review).

In order to detect the growing range of cooperative

motion correlations between monomer displacements were

analyzed for the BS model in Ref. [152]. Let mnðtÞ ¼

l~rnðtÞ2 ~rnð0Þl denote the magnitude of the displacement of

monomer n in time t and define

guðr; tÞ ¼
1

kmnðtÞl
2rN



XN
n¼1

XN
m¼1
m–n

mnðtÞmmðtÞdð~r 2 ½~rnð0Þ2 ~rmð0Þ�Þ

* +
:

ð91Þ

Fig. 47. The upper panel (a) shows the simulation results for the ratios TcðDÞ=Tbulk
c and TVFðDÞ=Tbulk

VF as a function of film thickness for the BS

model. The critical and the Vogel–Fulcher temperatures were obtained by fits with Eqs. (23) and (8), respectively. Figure taken from Ref. [130].

The lower panel shows a comparison of experimental data for supported polystyrene films (air–polystyrene–silicon). The various symbols

represent different molecular weight and different experimental techniques. The molecular weights shown in the figure range from Mw ¼

120 000 to Mw ¼ 2 900 000: From Forrest and Jones [124] with permission.
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This function measures spatial correlations between the

motion of monomers which are initially a distance r apart

from each other. At early and late times no correlations are

expected because the monomers behave as uncorrelated,

free particles if t ! 0; and they diffuse freely if t !1:

However, correlated motion is expected at low T when the

monomers break out of their cages.

This expectation is confirmed by an analysis of guðr; tÞ

[152]. Fig. 48 shows an example of the results for T ¼ 0:47

ðTc . 0:45Þ and the time t ¼ Dtp; where the correlation is

strongest. It compares the dependence of guðr;DtpÞ on r with

that of the pair-distribution function gðrÞ which is used to

characterize the liquid structure. The displacement–dis-

placement correlation function is distinctly larger than gðrÞ

for values of r up to several monomer diameters.

To compare the extent of correlated motion at different

temperatures two quantities were introduced: the total

excess correlation beyond that of the static structure

AðtÞ ¼
ð

dr½guðr; tÞ=gðrÞ�2 1; ð92Þ

which has a maximum at t ¼ Dtp; and the ‘susceptibility’ ku

XN
n¼1

mnðtÞ2
XN
n¼1

mnðtÞ

* +" #2* +
¼ kmnðtÞl

2rNTkuðtÞ: ð93Þ

Since kuðtÞ is defined in analogy to the isothermal

compressibility, it is expected to be sensitive to the large-r

behavior of the displacement–displacement correlation

function. Fig. 49 depicts the temperature dependence of

Dtp; AðDtpÞ and kuðDtpÞ: One clearly finds an increase of

AðDtpÞ and kuðDtpÞ with decreasing temperature, indicating

that the range of correlated motion grows as T approaches Tc

from above.

After presenting these different attempts to identify j and

to interpret physically the underlying mechanism the

questions arises of what might be concluded from these

simulations. Certainly, they suggest that there is a crossover

temperature in the regime of the supercooled liquid above

Tg: This temperature may be identified with the Tc of MCT.

Above, but close to Tc the potential energy landscape

becomes important as conjectured by Goldstein about 30

years ago [89]. The glass former tends to remain for a long

time in configurations which closely resemble those of the

Fig. 48. Displacement–displacement correlation function guðr;DtpÞ

and pair correlation function gðrÞ versus r at T ¼ 0:47 and Dtp

¼ 277:76: The inset shows the excess correlation GðrÞ ¼ ½guðr;

DtpÞ=gðrÞ�2 1 versus r. This excess would vanish if the displace-

ment were always the same for every monomer. Deviations of guðr;

DtpÞ from gðrÞ thus demonstrate that the spatial correlations of the

monomer displacements exceed those expected from gðrÞ alone.

From Bennemann et al. [152].

Fig. 49. Temperature dependence of the time Dtp where the total excess correlation AðtÞ is largest (panel a), of the total excess correlation AðDtpÞ

(Eq. (92)) and of the ‘susceptibility’ kuðDtpÞ (Eq. (93)) (panel b). The solid line in the upper panel is a power law fit, Dtp , ðT 2 TcÞ
2gp; with

Tc ¼ 0:45 and gp ¼ 1:87 ^ 0:15: Inset: Same data and fit, plotted log–log versus T 2 0:45: The lines in the lower panel were obtained in the

same way. The results of the fits are specified in the figure. In all cases T ¼ 0:46 is excluded from the fits. From Bennemann et al. [152].
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minima of the landscape. Concomitant with that, some

particles move far in a highly correlated (string-like)

fashion, whereas others remain very slow. Thus, the

dynamics can be called ‘heterogeneous’.

At this point, it has to be emphasized again that the

simulation results refer to temperatures above Tc; that is to

time scales of 1 ns. On the contrary, experiments mostly

explore dynamic heterogeneity close to Tg on the time scale

of 1 s or larger [24,25]. At present, it is not clear whether the

dynamic heterogeneities of simulations and experiments are

caused by the same microscopic processes, which the two

techniques just observe in their accessible time windows, or

whether these heterogeneities have completely different

physical origin. In this respect, progress is possible in the

future. With the advent of faster computers and improved

algorithms simulations are able to equilibrate their models

for T , Tc and approach the experimental regime. This

should help to study the suggested crossover at Tc in detail

from both sides and eventually yield better insight into the

connection between dynamic heterogeneities in experiments

and simulations if there is any.

7. Mapping of chemically realistic polymers onto the

bond-fluctuation model

In the use of the abstract BFL model and BS model for

simulating the thermal glass transition in polymer melts we

have relied on the large degree of universality in polymer

behavior. We have shown that basic qualitative properties

(static as well as dynamic) are identical between the models

and compare well with experimental findings on the glass

transition of real polymers. This large degree of universality

encourages the question of whether it would be possible to

use such abstract polymer models to describe some proper-

ties of real polymers (semi) quantitatively. One would

expect these properties to be those involving large length

and time scales. This idea would require finding one in some

sense optimal Hamiltonian to reproduce the properties of a

specific system through the simulation of the abstract system

employing this Hamiltonian.

The statistical mechanical framework of such a

mapping approach is similar to the ideas used in the

renormalization group treatment of critical phenomena.

Suppose we have some microscopic degrees of freedom

x (C–C bond lengths, C–C–C bond angles, etc.) and a

Hamiltonian HðxÞ: The canonical partition function of a

single chain is then given by

Zc ¼
X

x

exp{ 2 bHðxÞ}; ð94Þ

with b ¼ 1=kBT : When we want to find a mapping for dense

melt systems we can use another kind of universality. We

know that the static (Gaussian) behavior as well as the

dynamic (Rouse) behavior of melt chains is well described

by effective single chain theories. So we can assume Eq.

(94) to describe the partition function of a melt chain and

evaluate it for a single isolated chain under Q-conditions.

Suppose further we identify a set of coarse-grained degrees

of freedom m; which in our case are coarse-grained bond

vectors connecting positions along the backbone of the

polymer chain which are several atomistic bonds apart

(Fig. 7). We can rewrite the partition function as

Zc ¼
X
m

X
xm

exp{ 2 bHðxÞ} ¼
X
m

exp{ 2 bFðmÞ}; ð95Þ

where xm indicates the partial trace for fixed set of

mesoscopic degrees of freedom m and FðmÞ is a generalized

free energy so that

pFðmÞ ¼
exp{ 2 bFðmÞ}

Zc

ð96Þ

is the probability of finding the mesoscopic configuration m:

We can interpret F as the Hamiltonian of our coarse-grained

polymer model, in our case the BFL lattice model. Of

course, we have to further assume that this probability

factorizes (the energy is additive in the coarse-grained

degrees of freedom), i.e.

pFðmÞ ¼
Y

i

piðmiÞ:

The mapping then consists in finding the optimal Hamil-

tonian for our coarse-grained model reproducing the

probabilities pF [153–156].

Let us now discuss an application of this idea to the

mapping of polyethylene (PE) to the BFL model. One

possible strategy for finding this optimal Hamiltonian is to

try to reproduce moments up to second order of pF : In this

way we ensure a mapping of the mesoscale conformational

structure of the polymer. This strategy was followed in Refs.

[68,69,72,153]. At a polymer volume fraction of the

simulation of 0.5 (which is a standard Van der Waals

volume fraction for a polymer melt) equating the mass

densities of the real polymer and the lattice model [153] as a

prescription of how to identify the physical length scale

corresponding to one lattice constant, as was already

discussed in Section 3.2, in general translates into setting

one lattice constant equal to about 2 Å. A coarse-grained

bond of the BFL model in its most extended state (
ffiffiffi
10

p

lattice constants) therefore corresponds to a chain segment

with a length of about 6.2 Å. The length distribution for such

a short segment is, however, still dominated by confor-

mational isomers and not a smooth distribution like that

shown in Fig. 50 for the length of a segment comprised of 10

C–C backbone bonds of a polyethylene chain at 509 K. It is

only distributions on this scale with their almost Gaussian

character which we can meaningfully describe with only the

first two moments. We, therefore, have to identify two BFL

bonds with the PE segment of 10 C–C bonds. This

necessitates a coarse-graining also of the BFL chain to

determine the end-to-end distance distribution of a segment

comprised of two BFL bonds and of the angle between two
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consecutive such segments. These distributions can be

determined by an exact enumeration procedure [153] on

two-bond resp. four-bond segments [69] of a BFL chain,

once the Hamiltonian for the BFL simulation is given. For

this Hamiltonian we choose a form familiar from atomistic

models. Let us denote the length of the BFL bonds by b and

the angle between consecutive bonds by q: The Hamiltonian

we use has the following form (note that it is a temperature

dependent effective Hamiltonian, i.e. a free energy)

UðbÞ ¼ F0u0ðb 2 b0Þ
2 þF1ðTÞu1ðb 2 b1Þ

2 ð97Þ

VðqÞ ¼ F0v0ðcos q2 c0Þ
2 þF1ðTÞv1ðcos q2 c1Þ

2
: ð98Þ

Here F0 ¼ 1 and F1 ¼ 1=T 2 k1=Tl are orthonormal basis

functions on the set of temperatures, where input infor-

mation (moments of coarse-grained bond lengths and bond

angle distributions for the atomistic chain) for the mapping

is given (for details, see Ref. [153]). Thus, on the coarse-

grained level the static structure of the polymer (which on a

microscopic level would be described by potentials for the

length of covalent chemical bonds and angles between them,

and potentials for the torsional degrees of freedom, etc.) is

absorbed in the parameters u0; u1; b0; b1; v0; v1; c0; c1 for

these phenomenological potentials UðbÞ and VðqÞ:

When we design such a mapping procedure not only as a

means of a more efficient equilibration of the low

temperature amorphous structures but also try to capture

the essential features of the temperature dependent kinetics

of the real system, it is not enough to use only the static

information contained in the low-order moments. Instead

[69,153], a suitably defined local mobility of the chemically

realistic polymer chain has to be reproduced by the Monte

Carlo simulation of the coarse-grained lattice model. The

chemically realistic polyethylene chain exhibits many

different motions: vibrations of C–C bond lengths and

bond angles, librational motions in the dihedral minima and

also thermally activated jumps of (CH2)-groups from one

minimum of the torsional potential to the next (trans

ðtÞ ! gauche ðgþ; g2Þ or vice versa), see Fig. 6(b). Only

these thermally activated motions explore the conformation-

al phase space of the chain, and can change the linear

dimensions of the chains on the mesoscopic scales that we

wish to model here. In the BFL model, the elementary

kinetic step is an attempted jump of a randomly selected

effective monomer by one lattice spacing in one randomly

selected direction of the simple cubic lattice (^x;^y;^z;

respectively), subject to the proper transition probability.

This jumping process of the effective monomers, therefore,

has to be carried out such that it models the random hops of

the CH2-groups in the torsional potential of the correspond-

ing chemically detailed chain as faithfully as possible. To

map this mobility onto the lattice model, the jump

probability per Monte Carlo step in the simulation is

equated with the average jump rate of the torsional degrees

of freedom which determines the overall conformation of

the chain

1

tMCðTÞ
min 1; exp

2DH

kBT

� �� �� �
¼

1

t0

1

#tor

X
tor

AtorðTÞ; ð99Þ

where t0 is a typical time constant for the torsional degrees

of freedom setting their attempt frequency, tMC is the Monte

Carlo time unit and #tor is the number of torsions in the

coarse grained unit. Ator is given by

AtorðTÞ ¼

X
i

exp
2Ei

kBT

� �X
j

exp
2DEij

kBT

� �
X

i

exp
2Ei

kBT

� � ; ð100Þ

where Ei is the energy of minimum i in the torsional

potential and DEij is the barrier to minimum j. Thus Ator is

the average activated jump probability for the selected

torsional degree of freedom.

Starting from Eq. (99) one can now make use of the fact

that the Monte Carlo time step tMC is as yet undefined in its

relation to physical time. In the infinite temperature limit, all

torsional jumps are equally fast, but as we lower the

temperature the one torsional transition with the smallest

barrier remains the fastest. Now we can fix our Monte Carlo

time, which is then a function of temperature, to be always

equal to the mean time between two such transitions of this

Fig. 50. Probability distribution for the length of a segment of an

atomistic model of a polyethylene chain at T ¼ 509 K comprising

10 C–C backbone bonds. The distribution is generated by growing

single RW chains corresponding to polyethylene chains under Q-

condition. From Tries et al. [69].
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fastest degree of freedom

tMCðTÞ ¼ ABFLð1Þt0 exp
DEmin

kBT

� �
: ð101Þ

As a result we get the Arrhenius-like increase of the time

scaling factor between Monte Carlo time and real time

shown in Fig. 51.

The kinetic mapping condition is therefore

min 1; exp
2DH

kBT

� �� �� �

¼
ABFLð1Þ

#tor

exp
DEmin

kBT

� �X
tor

Ator: ð102Þ

Together with the static moments of the distributions PðLÞ

(Fig. 50) for the lengths of the coarse-grained segments and

PðQÞ [69] for the angles between these segments, it defines

the temperature dependent target values of the non-linear

optimization procedure used to determine the parameters in

the Hamiltonian [69,153]. Performing a kinetic Monte Carlo

simulation of the BFL model employing this Hamiltonian

then allows for the determination of the temperature

dependence of the chain center of mass diffusion coefficient

of this model. For polyethylene this quantity is known from

pulsed field-gradient NMR [157,158] so that it can be used

to perform the a posteriori identification of the numerical

conversion factor between MCS and ps at one temperature,

which was chosen to be 450 K. Together with the

temperature dependence fixed through Eq. (101) we get

the behavior shown in Fig. 51.

True to one of the main themes of this review we can

finally compare the mesoscale dynamics between such

vastly different models as a MD simulation of a chemically

realistic model of PE (Fig. 52(a)) and a Monte Carlo

simulation of the BFL model with a Hamiltonian optimized

through a mapping to PE (Fig. 52(b)). Shown are the mean

square displacements g1 to g3 of monomers and the center of

mass of the chain discussed before (Eqs. (69)–(71)) and

additionally the mean square displacement of the end

monomers, g4; and of the end monomers in the center of

Fig. 52. Mean square displacement of center monomers, g1; center

monomers in the center of mass reference frame, g2; center of mass,

g3; end monomers, g4; and end monomers in the center of mass

reference frame, g5: Part (a) is from a MD simulation of a

chemically realistic model for polyethylene and Part (b) is from a

Monte Carlo simulation of the BFL model optimized to mimic

polyethylene. Adapted from Ref. [69].

Fig. 51. Temperature dependence of the time scaling factor

converting the time unit of the Monte Carlo simulation into

femtoseconds. The form of the plot is chosen to show the Arrhenius

temperature dependence generated by Eq. (99). Adapted from Ref.

[69].
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mass reference frame, g5: All quantities are given in

physical units making use of the length and time scaling

discussed above and both simulations were performed for a

temperature of T ¼ 509 K. The Monte Carlo simulation of

the simplified coarse-grained model yields a comparable

speed-up by about two orders of magnitude and can easily

be followed to much larger values of the mean square

displacements. However, with the exception of the short-

time ballistic motion in the MD simulation, the behavior of

the two sets of curves agrees semiquantitatively. A typical

relaxation time of the chains can be defined by the crossing

point between the mean square displacement of inner

monomers in the center of mass reference frame, g2; as it

levels of towards R2
g; and the mean square displacement of

the center of mass of the chains, g3 (Eq. (73)). In both

simulations this crossing occurs at around 800 ps showing

that the meso- to large-scale relaxation behavior in both

models nicely agrees.

This good agreement also of the kinetic behavior need

not be achievable in general by this procedure. Polyethy-

lene, after all, is not a good glass former but rather becomes

semicrystalline upon cooling. The temperature dependence

of the center of mass self-diffusion coefficient in the Monte

Carlo simulation, therefore, is Arrhenius-like and not

Vogel–Fulcher like, in good agreement with experiment

for the alkane C100H202 that was studied [157,158]. Never-

theless, a quantitative mapping of a chemically realistic

model onto coarse-grained models is a very powerful way of

achieving well equilibrated configurations in a parameter

regime (temperature, chain length, system size) not easily

addressed by atomistic simulations.

8. Concluding remarks

In this review, simulations of several distinct coarse-

grained models of short polymer chains undergoing a glass

transition when the polymer melts are cooled to low

temperatures are described and compared both to exper-

iment and to pertinent theoretical predictions. While the

BFL model on the simple cubic lattice (or on the square

lattice, if studies of two-dimensional systems are to be done)

can be very efficiently sampled by Monte Carlo methods,

the method of choice for the off-lattice BS model is MD

simulation. The off-lattice model furthermore is not

restricted to constant volume but can also be done at

constant pressure. While these two models do differ in their

behavior when one studies length scales that are smaller

than the ‘diameter’ of a cage in which the center of mass of

an effective monomer is confined and the corresponding

time scale of the ‘rattling motion’ inside a cage is

considered, they yield qualitatively the same behavior

when one considers motions on mesoscopic scales, such

as the Rouse-like diffusive motions of the effective

monomers and the corresponding center of mass motion

of whole chains. Rescaling units of length and time suitably,

the dynamics of both models can be scaled onto each other,

as it should be, because the idea behind the coarse-graining

is that for all flexible polymers such a universal behavior

should exist. In this region of length and times, the slowing

down associated with the glass transition enters only via the

dramatic temperature dependence of the monomeric friction

coefficient: the latter can be described by a power law

divergence zðTÞ / ðT 2 TcÞ
2g; for temperatures somewhat

higher than the critical temperature of MCT, with 1:8 #

g # 1:9 for the off-lattice model. The same power law is

found in this temperature regime for the T-dependence of all

relaxation times associated with the Rouse modes and in the

inverse diffusion constant. If one studies motions on still

smaller scales, such as the relaxation time (of the a-process)

for the incoherent or coherent intermediate scattering

functions at wave numbers q where the static structure

factor has its peak ðqmaxÞ or its subsequent first minimum

ðqminÞ; one finds a similar power law with a somewhat larger

value of g; however.

While this q-dependence of this effective exponent g still

lacks a theoretical explanation, MCT nicely accounts for the

‘b-relaxation’ which shows up as an intermediate plateau in

the scattering functions, as well as in the temporal

autocorrelation functions of the Rouse modes (this two-

step relaxation is the more pronounced the larger the mode

index is). Various theoretical predictions, such as the

factorization property and power laws for the relaxation

onto the intermediate plateau as well as its initial decay are

qualitatively accounted for. Of course, MCT describes only

an intermediate stage of the whole dynamics, associated

with the cage effect—as soon as the mean square

displacements of effective monomers become much larger

than the cage diameter, the connectivity of the polymer

chains starts to dominate. A unified description of polymer

dynamics that contains both MCT and the Rouse model as

special cases would be desirable but is not yet available at

the time of writing. A further drawback is the fact that the

mode coupling description is not rigorously derivable from

the Hamiltonian of the model, and a number of parameters

need to be adjusted: however, in spite of all these criticisms

MCT is more successful than all the other theoretical

concepts presently available, most of which are rather

deficient of predictions that could have been tested by our

simulations.

There are still many questions to answer as to what

happens in the immediate vicinity of the critical temperature

Tc that the idealized version of MCT predicts, and at

temperatures significantly below it. While the simulations

clearly imply that the power law singularities of the

idealized theory are rounded off, as also inherent in the

extended form of the theory, the precise quantitative

description of this rounding remains elusive, as long as no

reliable simulation data at Tc and slightly below it become

available. This problem can probably be solved in a few

years, simply by the brute force approach exploiting
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substantial improvements in computer hardware. However,

from the region of Tc (where typically in polymers the

structural relaxation time of the intermediate scattering

functions is of the order of 1027 s) up to the calorimetric

glass transition temperature, monitored, e.g. by a kink in the

volume versus temperature curve in a slow cooling

experiment, the relaxation time increases further by about

10 orders of magnitude: this challenge that near Tg

relaxation processes occur on time scales spread over 15

or more decades, is not at all easy to overcome by

simulations.

In spite of this problem, we have been able to test the

concept that the glass transition is due to an ‘entropy

catastrophe’, according to which the configurational entropy

of the polymer melts should vanish at the Kauzmann

temperature, which then also tentatively is associated with

the Vogel–Fulcher temperature appearing in the Vogel–

Fulcher relation for the relaxation times. This test was

possible for the lattice model, first of all because all

parameters of this theory could be extracted from the

simulation directly, so the theory could be worked out

without any adjustable parameters, and second because also

the entropy could be ‘measured’ in the simulation down to

rather low temperatures (making use of the ‘slithering

snake’ algorithm, which to some extent moderates the

dramatic slowing down of structural relaxation). This

comparison clearly showed that the ‘entropy catastrophe’

is an artifact of inaccurate approximations and one rather

finds that the entropy in reality stays non-vanishing,

although it displays a strong decrease with decreasing

temperature.

Concepts about size effects on the glass transition and a

possible existing characteristic length also have been

examined. While many of our findings resemble the

corresponding experimental results nicely, we found it

difficult to extract a unique interpretation from these results,

and a final conclusion on the significance of glass

correlation lengths is still lacking.

While the simulations described here have presented a

wealth of information, more complete than for any real

experimental system, we have not addressed several

interesting control parameters that are important for real

experiments, such as effects of varying the chain stiffness,

chain lengths exceeding the entanglement chain length, or

glass transitions in polymer blends or copolymer systems

(block copolymers or random copolymers, for instance).

Also a possible glassification of isolated collapsed chains in

dilute solution has remained out of consideration. Thus there

is still need for more extensive research on this subject.
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RHRK Kaiserslautern, and the ZDV Mainz for generous

grants of computer time.

References

[1] Strobl GR. The physics of polymers. Berlin: Springer; 1996.

[2] De Gennes PG. Scaling concepts in polymer physics. Ithaca,

NY: Cornell University Press; 1979.

[3] Doi M, Edwards SF. The theory of polymer dynamics.

Oxford: Clarendon Press; 1986.

[4] Ferry JD. Viscoelastic properties of polymers. New York:

Wiley; 1980.

[5] Lodge TP, Rotstein NA, Prager S. Dynamics of entangled

polymer liquids. Do linear chains reptate? Adv Chem Phys

1991;79:1–132.

[6] Ewen B, Richter D. Neutron spin echo investigations on the

segmental dynamics of polymers in melts, networks and

solutions. Adv Polym Sci 1997;134:1–129.

[7] Paul W, Smith GD, Yoon DY, Farago B, Rathgeber S, Zirkel

A, Willner L, Richter D. Chain motion in an unentangled

polymer melt: a critical test of the Rouse model by molecular

dynamics simulations and neutron spin echo spectroscopy.

Phys Rev Lett 1998;80:2346–9.

[8] Smith GD, Paul W, Monkenbusch M, Willner L, Richter D,

Qiu XH, Ediger MD. Molecular dynamics of a 1,4

polybutadiene melt. Comparison of experiment and simu-

lation. Macromolecules 1999;32:8857–65.

[9] Arbe A, Richter D, Colmenero J, Farago B. Merging of the a

and b relaxations in polybutadiene: a neutron spin echo and

dielectric study. Phys Rev E 1996;54:3853–69.

[10] Gutzow I, Schmelzer J. The vitreous state. Thermodynamics,

structure, rheology and crystallization. Berlin: Springer;

1995.
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