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Outline

l Strong gels in contact with a reservoir salt solution
- Periodic gel model (MD/MC)
- Single chain cell-gel model (MD/MC)
- Poisson-Boltzmann cell-gel model

l Weak gels
- Algorithmic details MC/PB
- pH dependent swelling

l (Applications)
- Experiments
- Desalination (with Katchalsky Model)
- Huge pKa shift observed in brushes and explained simply by Donnan theory
- Gelation of PE stars
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Poly-salt (dry)

neutral

The free ions like space (entropy)
=> Osmotic pressure of counterions blows the gel up

The swelling proceeds until    Pentropic = Pelastic

The gel can swell up to  a few thousands  times of its initial volume

Why do Polyelectrolyte Gels Swell?



Coarse-Graining Procedure
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Polyelectrolyte Model Network

diamond-like topology

Parameters:

8 tetrafunctional nodes
NP = 16 chains at   Nm = 39 ,…, 259
f = 1/16 ,…, 1/1   Þ NCI = 88 ,…,4152
(Þ charged particles 636 ,…, 8304)

- tune electrostatic interaction with     
Bjerrum length

observables:
– chain’s end-to-end distance <RE2>
– osmotic pressure       of counterions
– elastic pressure       of chains
– electrostatic pressure       



Modeling Approaches on Different Levels



Previous Work: Periodic Gel with MD

Kosovan, Richter, Holm, Macromolecules, 2015

l Chemical potential equilibrium
l Pressure equilibrium

- Change volume V, measure 
pressure



Simplification: Cell-Gel Models (CGM)
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Particle-Based Single Chain CGM

l MD simulation of single 

chain in periodically 

replicated cylinder

l P3M, WCA, FENE

l Langevin Thermostat

l Grand canonical particle 

insertions

l Measuring virial 

pressure and pressure 

on the walls



Simplification PB Model
Solve PB equation:

l Match radius a such that charges 

have the same distance from the 

end-to-end axis as in MD (<r>MD)

Boundary conditions: Er(0)=Er(Rout)=0

To predict the swelling of polyelectrolyte gels under given
conditions, it is necessary to compute the pressure acting on
the gel in order to obtain a given volume per chain. The
pressure inside the cylinder is given by a contribution of the
cylinder top Pcap and a contribution of the cylinder walls
Pside:

24,25,59
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The terms which contribute to the pressure consist of the
kinetic pressure (ideal gas term), the Maxwell pressure due to
the electric !eld which is readily obtained via the trace of the
Maxwell stress tensor,60 and terms accounting for deformation
of the gel, yielding
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where !..."z is the average over the cylinder cap and 3 1% is the
inverse Langevin function. Note that the Maxwell pressure
does not contribute to the pressure on the cylinder wall due to
the imposed Neumann boundary condition. The Langevin
function rather than the commonly employed Gaussian
stretching approximation is used because of the high extension
that the chains can reach at high ionization degrees.20 A
detailed discussion of the di"erent contributions can be found
in ref 51. The pressure in the reservoir is calculated from the
concentrations in the reservoir using the ideal gas law
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2.2.2. Ideal Cell Gel Model (Ideal CGM). The ideal CGM is
implemented using the same approach as the PB CGM, in the
limit of vanishing electrostatic interactions !r ! !. For
numerical stability, we set !r = 104, e"ectively suppressing all
electrostatic interactions, yielding the ideal-gas limit and
homogeneous density pro!les inside the cylinder. Thus, our
ideal CGM takes into account the chain stretching, entropy of
con!nement, the Donnan partitioning of ions, and acid"base
equilibrium via the Henderson"Hasselbalch equation. Admit-
tedly, one could construct an even simpler ideal gel model.
However, for the purpose of comparison, it is advantageous
that our ideal CGM employs identical approximations to the
stretching pressure and a#ne deformation as the PB CGM.

3. RESULTS
3.1. Determination of the Swelling Equilibrium. To

determine the volume of the gel at free swelling equilibrium,
we employ a pressure-concentration protocol, similar to the
one used in previous works.20,24,25,32,43,61,62 We perform a set
of simulations at various volumes of the gel, de!ned by the
simulation box length (L in the gel MD, Lz in the other
models), in order to obtain the pressure"volume curves. We
locate the swelling equilibrium by !tting the curve with an

empirical smooth function f(x) = a + b/tan(x " c) where a, b,
and c are !t parameters. The intersection of the !t function
with Pgel(L) " Pres = 0 yields the volume per chain at the free
swelling equilibrium, Veq. To obtain the ionization degree and
other observables at free swelling equilibrium, we use the
simulation with the box size closest to the determined value of
Veq. Figure 3 (left panel) shows that, as the pH in the reservoir

is increased, the intersection with P = 0 shifts to higher
volumes, indicating an increased swelling of the gel as its
ionization increases. Figure 3 (right panel) shows that di"erent
models yield slightly di"erent shapes of P(L) curves; however,
they follow the same general trend as a function of pH and
added salt (see ref 51 for other values of pH and c0). In the
following, we show how the ionization of the gel at free
swelling equilibrium is related to the pH value in the reservoir,
and how these two quantities determine the pH-dependent
swelling of the gel.

3.2. pH-Dependent Ionization. Figure 4a,b shows that
the degree of ionization of the gel is shifted to higher pH
values, as compared to the Henderson"Hasselbalch equation
(HH, ideal titration curve). Equivalently, it can be viewed as if
the ionization of the gel is suppressed when compared to the
ideal ionization at a given pH. The shift of the curves decreases
as the salt concentration in the reservoir increases (see also ref
51 for other salt concentrations). Although these two general
trends are well-known from various experiments,14,15 the
variation of the ionization degree as a function of pH is not
easy to measure directly. Therefore, it has been often inferred
indirectly, typically from the variation of the gel swelling as a
function of pH or from estimated values of the Donnan
potential. These trends originate from two e"ects that have
been termed the Donnan ef fect, caused by the Donnan
partitioning of H+ ions between the gel and the reservoir,
and the polyelectrolyte ef fect, caused by direct electrostatic
interactions between charged species (monomers and small
ions).26

The well-known trends are qualitatively reproduced by all
models; however, it is also clear that each model predicts a
di"erent deviation from the HH equation, increasing in the
order ideal CGM < PB CGM < chain MD # gel MD. For
example, at low salt concentration c0 = 0.01 M and pH = 5, the
ideal curve predicts " # 1, the ideal CGM predicts " # 0.5,

Figure 3. Pressure Pgel " Pres as a function of simulation box length L
for various models at selected conditions, as indicated in the !gure.
Left panel: simulation model of the periodic network gel model at one
selected salt concentration and several pH values. Right panel: all
models considered in this work at one selected value of pH and salt
concentration. The dashed curves represent the !ts which were used
to determine the free swelling equilibrium. Vertical dashed lines
represent the box length, which corresponds to free swelling
equilibrium. A full set of these curves for all simulated systems is
provided in ref 51.
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To predict the swelling of polyelectrolyte gels under given
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pressure inside the cylinder is given by a contribution of the
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2. Model

2.1. Model of the hydrogel

The model of the hydrogel used in this paper has been presented
in our previous publication [9], where it was compared to molec-
ular dynamics simulations of a coarse-grained representation of a
poly(acrylic acid) polyelectrolyte gel. Although the above-mentioned
coarse-grained simulations neglect many chemical details of the
real systems, performing such simulations over a broad range of
gel parameters, desired for the present study, would still be pro-
hibitively expensive (see refs. [23–32] or a recent review [33]).
Therefore we will use the simpler and computationally less expen-
sive analytical mean-field model of Katchalsky and Michaeli [22],
relying on our previous validation of its predictions of swelling
equilibria and salt partitioning against a coarse-grained molecular
model of the hydrogel [9]. In the following, we will introduce the
main aspects of the model, referring the reader to the preceding
publication for a detailed discussion of its behaviour and range of
validity.

Since the desalination fundamentally depends on the swelling
properties of the hydrogel, we introduce the swelling ratio, Q, as

Q =
V
V0

, (1)

where V the volume of the polyelectrolyte gel in swelling equilib-
rium, and V0 is the reference volume of an equivalent neutral gel
under the same conditions. In this view, “equivalent” refers to a gel
with the same topology and chain length. In experiments, volume
of a dry gel is often preferred as the reference state, rather than
that of a swollen gel. The choice of the reference state is, of course,
arbitrary. However, our choice is well accessible in both experiment
and simulation, while the volume of a dry gel is not well defined
for coarse-grained models in implicit solvent. The end-to-end dis-
tance, R0, of chains in neutral gels at swelling equilibrium under
good solvent conditions is well approximated by that of a free chain
R0 = ab(N ! 1)m , where m = 0.588 is the universal scaling exponent
for the chains with excluded volume, b is the mean bond length, N
is the number of segments per chain, and a = 1.23 is a numerical
prefactor, which we determined for our particular model from sim-
ulations [9]. One further length scale has to be taken into account,
which is the contour length of the chain Rmax = b(N ! 1), i.e., the
maximal extension to which the network strand can be stretched.
For regular topologies that can be represented by an elementary cell,
it is possible to express the volume occupied by one chain via its
end-to-end distance:

Vchain =
R3

e
A

(2)

where the value of A depends solely on the chosen topology of the gel
network. This allows us to express the swelling degree Q as a cube of
the ratio of chain end-to-end distances:

Q =
V
V0

=
!

Re

R0

"3
. (3)

The model relies on the commonly employed Flory-Rehner
hypothesis: the free energy can be separated to individual contri-
butions which are assumed to be independent. These include the
electrostatic, osmotic, and elastic contribution [34]. By taking the
derivatives of individual free energy contributions with respect to
volume, we obtain the respective contributions to the pressure. The

problem of minimising the free energy can then be equivalently
formulated as a balance of pressure contributions

Pext = Pel + Posm + Pstr , (4)

where Pext denotes the applied external pressure, Pel, Posm, and Pstr
denote the electrostatic, osmotic, and stretching (elastic) contribu-
tions to pressure. The electrostatic pressure term can be expressed
as

Pel = !kBT
cpol

N
(aN)2kB

3Re

#
2.5n

(1 + n)
! ln (1 + n)

$
, (5)

where cpol is the total monomer concentration, a is the fraction of
charged monomers, j is the inverse Debye screening length inside
the gel and the parameter n is used to simplify the notation, given by

n =
6

jR0

!
V
V0

" 1
3

. (6)

In the original version of the model proposed by Katchalsky and
Michaeli [22] the elastic response was assumed to be harmonic, due
to the Gaussian polymer model, which holds only for small exten-
sions. At higher extensions, common for charged gels, the Gaussian
model would predict unphysical overstretching of the chains in
some cases. We corrected this behaviour using the inverse Langevin
function L!1 in the elastic response:

Pstr(Re) = !kBT
cpol Re

3bN

!
L!1

!
Re

bN

"
! L!1
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bN

""
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where the second term corrects for the otherwise nonzero pressure
in the relaxed conformation Re = R0. Excluded volume effects are
neglected in this approach.

Two equilibrium conditions need to be fulfilled simultaneously:
one for the chemical equilibrium of the salt ions; and a second one for
the mechanical equilibrium. These result in two coupled equations
for the mechanical equilibrium

Pstr + Pel = Pext ! Posm = Pext ! kBT
%

2cg
s + acpol ! 2cb

s

&
. (8)

and for the salt partitioning
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which relates the salt concentration inside the hydrogel, cg
s , to that in

the bulk reservoir, cb
s . The parameter C is defined as

C = exp

'

! cpol

2cg
s + acpol

6a2NkB

jR2
0(1 + n)

(

. (10)

and accounts for the deviations of salt partitioning from the ideal
gas behaviour. With C = 1 Eq. (8) attains the form of the Donnan
equilibrium condition [35].

For a given Re we solve Eq. (8) iteratively by a procedure pro-
posed in the original paper [22]. Then we construct the dependence
of the applied pressure on the chain extension, Pext(Re), and find the
equilibrium swelling at Pext(Re) = 0.

2.2. Model of the desalination cycle using hydrogels

The general idea for the cycle is sketched in Fig. 1. We start
by letting a gel swell to equilibrium in an infinite reservoir at salt
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of a dry gel is often preferred as the reference state, rather than
that of a swollen gel. The choice of the reference state is, of course,
arbitrary. However, our choice is well accessible in both experiment
and simulation, while the volume of a dry gel is not well defined
for coarse-grained models in implicit solvent. The end-to-end dis-
tance, R0, of chains in neutral gels at swelling equilibrium under
good solvent conditions is well approximated by that of a free chain
R0 = ab(N ! 1)m , where m = 0.588 is the universal scaling exponent
for the chains with excluded volume, b is the mean bond length, N
is the number of segments per chain, and a = 1.23 is a numerical
prefactor, which we determined for our particular model from sim-
ulations [9]. One further length scale has to be taken into account,
which is the contour length of the chain Rmax = b(N ! 1), i.e., the
maximal extension to which the network strand can be stretched.
For regular topologies that can be represented by an elementary cell,
it is possible to express the volume occupied by one chain via its
end-to-end distance:

Vchain =
R3
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A

(2)

where the value of A depends solely on the chosen topology of the gel
network. This allows us to express the swelling degree Q as a cube of
the ratio of chain end-to-end distances:

Q =
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The model relies on the commonly employed Flory-Rehner
hypothesis: the free energy can be separated to individual contri-
butions which are assumed to be independent. These include the
electrostatic, osmotic, and elastic contribution [34]. By taking the
derivatives of individual free energy contributions with respect to
volume, we obtain the respective contributions to the pressure. The

problem of minimising the free energy can then be equivalently
formulated as a balance of pressure contributions

Pext = Pel + Posm + Pstr , (4)

where Pext denotes the applied external pressure, Pel, Posm, and Pstr
denote the electrostatic, osmotic, and stretching (elastic) contribu-
tions to pressure. The electrostatic pressure term can be expressed
as
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where cpol is the total monomer concentration, a is the fraction of
charged monomers, j is the inverse Debye screening length inside
the gel and the parameter n is used to simplify the notation, given by

n =
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In the original version of the model proposed by Katchalsky and
Michaeli [22] the elastic response was assumed to be harmonic, due
to the Gaussian polymer model, which holds only for small exten-
sions. At higher extensions, common for charged gels, the Gaussian
model would predict unphysical overstretching of the chains in
some cases. We corrected this behaviour using the inverse Langevin
function L!1 in the elastic response:

Pstr(Re) = !kBT
cpol Re

3bN

!
L!1

!
Re

bN

"
! L!1

!
R0

bN

""
, (7)

where the second term corrects for the otherwise nonzero pressure
in the relaxed conformation Re = R0. Excluded volume effects are
neglected in this approach.

Two equilibrium conditions need to be fulfilled simultaneously:
one for the chemical equilibrium of the salt ions; and a second one for
the mechanical equilibrium. These result in two coupled equations
for the mechanical equilibrium
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which relates the salt concentration inside the hydrogel, cg
s , to that in

the bulk reservoir, cb
s . The parameter C is defined as
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and accounts for the deviations of salt partitioning from the ideal
gas behaviour. With C = 1 Eq. (8) attains the form of the Donnan
equilibrium condition [35].

For a given Re we solve Eq. (8) iteratively by a procedure pro-
posed in the original paper [22]. Then we construct the dependence
of the applied pressure on the chain extension, Pext(Re), and find the
equilibrium swelling at Pext(Re) = 0.

2.2. Model of the desalination cycle using hydrogels

The general idea for the cycle is sketched in Fig. 1. We start
by letting a gel swell to equilibrium in an infinite reservoir at salt
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2. Model

2.1. Model of the hydrogel

The model of the hydrogel used in this paper has been presented
in our previous publication [9], where it was compared to molec-
ular dynamics simulations of a coarse-grained representation of a
poly(acrylic acid) polyelectrolyte gel. Although the above-mentioned
coarse-grained simulations neglect many chemical details of the
real systems, performing such simulations over a broad range of
gel parameters, desired for the present study, would still be pro-
hibitively expensive (see refs. [23–32] or a recent review [33]).
Therefore we will use the simpler and computationally less expen-
sive analytical mean-field model of Katchalsky and Michaeli [22],
relying on our previous validation of its predictions of swelling
equilibria and salt partitioning against a coarse-grained molecular
model of the hydrogel [9]. In the following, we will introduce the
main aspects of the model, referring the reader to the preceding
publication for a detailed discussion of its behaviour and range of
validity.

Since the desalination fundamentally depends on the swelling
properties of the hydrogel, we introduce the swelling ratio, Q, as

Q =
V
V0

, (1)

where V the volume of the polyelectrolyte gel in swelling equilib-
rium, and V0 is the reference volume of an equivalent neutral gel
under the same conditions. In this view, “equivalent” refers to a gel
with the same topology and chain length. In experiments, volume
of a dry gel is often preferred as the reference state, rather than
that of a swollen gel. The choice of the reference state is, of course,
arbitrary. However, our choice is well accessible in both experiment
and simulation, while the volume of a dry gel is not well defined
for coarse-grained models in implicit solvent. The end-to-end dis-
tance, R0, of chains in neutral gels at swelling equilibrium under
good solvent conditions is well approximated by that of a free chain
R0 = ab(N ! 1)m , where m = 0.588 is the universal scaling exponent
for the chains with excluded volume, b is the mean bond length, N
is the number of segments per chain, and a = 1.23 is a numerical
prefactor, which we determined for our particular model from sim-
ulations [9]. One further length scale has to be taken into account,
which is the contour length of the chain Rmax = b(N ! 1), i.e., the
maximal extension to which the network strand can be stretched.
For regular topologies that can be represented by an elementary cell,
it is possible to express the volume occupied by one chain via its
end-to-end distance:

Vchain =
R3

e
A

(2)

where the value of A depends solely on the chosen topology of the gel
network. This allows us to express the swelling degree Q as a cube of
the ratio of chain end-to-end distances:

Q =
V
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The model relies on the commonly employed Flory-Rehner
hypothesis: the free energy can be separated to individual contri-
butions which are assumed to be independent. These include the
electrostatic, osmotic, and elastic contribution [34]. By taking the
derivatives of individual free energy contributions with respect to
volume, we obtain the respective contributions to the pressure. The

problem of minimising the free energy can then be equivalently
formulated as a balance of pressure contributions

Pext = Pel + Posm + Pstr , (4)

where Pext denotes the applied external pressure, Pel, Posm, and Pstr
denote the electrostatic, osmotic, and stretching (elastic) contribu-
tions to pressure. The electrostatic pressure term can be expressed
as
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where cpol is the total monomer concentration, a is the fraction of
charged monomers, j is the inverse Debye screening length inside
the gel and the parameter n is used to simplify the notation, given by

n =
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. (6)

In the original version of the model proposed by Katchalsky and
Michaeli [22] the elastic response was assumed to be harmonic, due
to the Gaussian polymer model, which holds only for small exten-
sions. At higher extensions, common for charged gels, the Gaussian
model would predict unphysical overstretching of the chains in
some cases. We corrected this behaviour using the inverse Langevin
function L!1 in the elastic response:
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where the second term corrects for the otherwise nonzero pressure
in the relaxed conformation Re = R0. Excluded volume effects are
neglected in this approach.

Two equilibrium conditions need to be fulfilled simultaneously:
one for the chemical equilibrium of the salt ions; and a second one for
the mechanical equilibrium. These result in two coupled equations
for the mechanical equilibrium

Pstr + Pel = Pext ! Posm = Pext ! kBT
%

2cg
s + acpol ! 2cb

s

&
. (8)
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which relates the salt concentration inside the hydrogel, cg
s , to that in

the bulk reservoir, cb
s . The parameter C is defined as
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and accounts for the deviations of salt partitioning from the ideal
gas behaviour. With C = 1 Eq. (8) attains the form of the Donnan
equilibrium condition [35].

For a given Re we solve Eq. (8) iteratively by a procedure pro-
posed in the original paper [22]. Then we construct the dependence
of the applied pressure on the chain extension, Pext(Re), and find the
equilibrium swelling at Pext(Re) = 0.

2.2. Model of the desalination cycle using hydrogels

The general idea for the cycle is sketched in Fig. 1. We start
by letting a gel swell to equilibrium in an infinite reservoir at salt
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2.1. Model of the hydrogel

The model of the hydrogel used in this paper has been presented
in our previous publication [9], where it was compared to molec-
ular dynamics simulations of a coarse-grained representation of a
poly(acrylic acid) polyelectrolyte gel. Although the above-mentioned
coarse-grained simulations neglect many chemical details of the
real systems, performing such simulations over a broad range of
gel parameters, desired for the present study, would still be pro-
hibitively expensive (see refs. [23–32] or a recent review [33]).
Therefore we will use the simpler and computationally less expen-
sive analytical mean-field model of Katchalsky and Michaeli [22],
relying on our previous validation of its predictions of swelling
equilibria and salt partitioning against a coarse-grained molecular
model of the hydrogel [9]. In the following, we will introduce the
main aspects of the model, referring the reader to the preceding
publication for a detailed discussion of its behaviour and range of
validity.

Since the desalination fundamentally depends on the swelling
properties of the hydrogel, we introduce the swelling ratio, Q, as

Q =
V
V0

, (1)

where V the volume of the polyelectrolyte gel in swelling equilib-
rium, and V0 is the reference volume of an equivalent neutral gel
under the same conditions. In this view, “equivalent” refers to a gel
with the same topology and chain length. In experiments, volume
of a dry gel is often preferred as the reference state, rather than
that of a swollen gel. The choice of the reference state is, of course,
arbitrary. However, our choice is well accessible in both experiment
and simulation, while the volume of a dry gel is not well defined
for coarse-grained models in implicit solvent. The end-to-end dis-
tance, R0, of chains in neutral gels at swelling equilibrium under
good solvent conditions is well approximated by that of a free chain
R0 = ab(N ! 1)m , where m = 0.588 is the universal scaling exponent
for the chains with excluded volume, b is the mean bond length, N
is the number of segments per chain, and a = 1.23 is a numerical
prefactor, which we determined for our particular model from sim-
ulations [9]. One further length scale has to be taken into account,
which is the contour length of the chain Rmax = b(N ! 1), i.e., the
maximal extension to which the network strand can be stretched.
For regular topologies that can be represented by an elementary cell,
it is possible to express the volume occupied by one chain via its
end-to-end distance:

Vchain =
R3

e
A

(2)

where the value of A depends solely on the chosen topology of the gel
network. This allows us to express the swelling degree Q as a cube of
the ratio of chain end-to-end distances:

Q =
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The model relies on the commonly employed Flory-Rehner
hypothesis: the free energy can be separated to individual contri-
butions which are assumed to be independent. These include the
electrostatic, osmotic, and elastic contribution [34]. By taking the
derivatives of individual free energy contributions with respect to
volume, we obtain the respective contributions to the pressure. The

problem of minimising the free energy can then be equivalently
formulated as a balance of pressure contributions

Pext = Pel + Posm + Pstr , (4)

where Pext denotes the applied external pressure, Pel, Posm, and Pstr
denote the electrostatic, osmotic, and stretching (elastic) contribu-
tions to pressure. The electrostatic pressure term can be expressed
as
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where cpol is the total monomer concentration, a is the fraction of
charged monomers, j is the inverse Debye screening length inside
the gel and the parameter n is used to simplify the notation, given by

n =
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. (6)

In the original version of the model proposed by Katchalsky and
Michaeli [22] the elastic response was assumed to be harmonic, due
to the Gaussian polymer model, which holds only for small exten-
sions. At higher extensions, common for charged gels, the Gaussian
model would predict unphysical overstretching of the chains in
some cases. We corrected this behaviour using the inverse Langevin
function L!1 in the elastic response:

Pstr(Re) = !kBT
cpol Re

3bN

!
L!1

!
Re

bN

"
! L!1

!
R0

bN

""
, (7)

where the second term corrects for the otherwise nonzero pressure
in the relaxed conformation Re = R0. Excluded volume effects are
neglected in this approach.

Two equilibrium conditions need to be fulfilled simultaneously:
one for the chemical equilibrium of the salt ions; and a second one for
the mechanical equilibrium. These result in two coupled equations
for the mechanical equilibrium

Pstr + Pel = Pext ! Posm = Pext ! kBT
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and for the salt partitioning
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which relates the salt concentration inside the hydrogel, cg
s , to that in

the bulk reservoir, cb
s . The parameter C is defined as
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and accounts for the deviations of salt partitioning from the ideal
gas behaviour. With C = 1 Eq. (8) attains the form of the Donnan
equilibrium condition [35].

For a given Re we solve Eq. (8) iteratively by a procedure pro-
posed in the original paper [22]. Then we construct the dependence
of the applied pressure on the chain extension, Pext(Re), and find the
equilibrium swelling at Pext(Re) = 0.

2.2. Model of the desalination cycle using hydrogels

The general idea for the cycle is sketched in Fig. 1. We start
by letting a gel swell to equilibrium in an infinite reservoir at salt
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2.1. Model of the hydrogel

The model of the hydrogel used in this paper has been presented
in our previous publication [9], where it was compared to molec-
ular dynamics simulations of a coarse-grained representation of a
poly(acrylic acid) polyelectrolyte gel. Although the above-mentioned
coarse-grained simulations neglect many chemical details of the
real systems, performing such simulations over a broad range of
gel parameters, desired for the present study, would still be pro-
hibitively expensive (see refs. [23–32] or a recent review [33]).
Therefore we will use the simpler and computationally less expen-
sive analytical mean-field model of Katchalsky and Michaeli [22],
relying on our previous validation of its predictions of swelling
equilibria and salt partitioning against a coarse-grained molecular
model of the hydrogel [9]. In the following, we will introduce the
main aspects of the model, referring the reader to the preceding
publication for a detailed discussion of its behaviour and range of
validity.

Since the desalination fundamentally depends on the swelling
properties of the hydrogel, we introduce the swelling ratio, Q, as

Q =
V
V0

, (1)

where V the volume of the polyelectrolyte gel in swelling equilib-
rium, and V0 is the reference volume of an equivalent neutral gel
under the same conditions. In this view, “equivalent” refers to a gel
with the same topology and chain length. In experiments, volume
of a dry gel is often preferred as the reference state, rather than
that of a swollen gel. The choice of the reference state is, of course,
arbitrary. However, our choice is well accessible in both experiment
and simulation, while the volume of a dry gel is not well defined
for coarse-grained models in implicit solvent. The end-to-end dis-
tance, R0, of chains in neutral gels at swelling equilibrium under
good solvent conditions is well approximated by that of a free chain
R0 = ab(N ! 1)m , where m = 0.588 is the universal scaling exponent
for the chains with excluded volume, b is the mean bond length, N
is the number of segments per chain, and a = 1.23 is a numerical
prefactor, which we determined for our particular model from sim-
ulations [9]. One further length scale has to be taken into account,
which is the contour length of the chain Rmax = b(N ! 1), i.e., the
maximal extension to which the network strand can be stretched.
For regular topologies that can be represented by an elementary cell,
it is possible to express the volume occupied by one chain via its
end-to-end distance:

Vchain =
R3
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A
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where the value of A depends solely on the chosen topology of the gel
network. This allows us to express the swelling degree Q as a cube of
the ratio of chain end-to-end distances:

Q =
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The model relies on the commonly employed Flory-Rehner
hypothesis: the free energy can be separated to individual contri-
butions which are assumed to be independent. These include the
electrostatic, osmotic, and elastic contribution [34]. By taking the
derivatives of individual free energy contributions with respect to
volume, we obtain the respective contributions to the pressure. The

problem of minimising the free energy can then be equivalently
formulated as a balance of pressure contributions

Pext = Pel + Posm + Pstr , (4)

where Pext denotes the applied external pressure, Pel, Posm, and Pstr
denote the electrostatic, osmotic, and stretching (elastic) contribu-
tions to pressure. The electrostatic pressure term can be expressed
as
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where cpol is the total monomer concentration, a is the fraction of
charged monomers, j is the inverse Debye screening length inside
the gel and the parameter n is used to simplify the notation, given by

n =
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. (6)

In the original version of the model proposed by Katchalsky and
Michaeli [22] the elastic response was assumed to be harmonic, due
to the Gaussian polymer model, which holds only for small exten-
sions. At higher extensions, common for charged gels, the Gaussian
model would predict unphysical overstretching of the chains in
some cases. We corrected this behaviour using the inverse Langevin
function L!1 in the elastic response:
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where the second term corrects for the otherwise nonzero pressure
in the relaxed conformation Re = R0. Excluded volume effects are
neglected in this approach.

Two equilibrium conditions need to be fulfilled simultaneously:
one for the chemical equilibrium of the salt ions; and a second one for
the mechanical equilibrium. These result in two coupled equations
for the mechanical equilibrium

Pstr + Pel = Pext ! Posm = Pext ! kBT
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which relates the salt concentration inside the hydrogel, cg
s , to that in
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and accounts for the deviations of salt partitioning from the ideal
gas behaviour. With C = 1 Eq. (8) attains the form of the Donnan
equilibrium condition [35].

For a given Re we solve Eq. (8) iteratively by a procedure pro-
posed in the original paper [22]. Then we construct the dependence
of the applied pressure on the chain extension, Pext(Re), and find the
equilibrium swelling at Pext(Re) = 0.

2.2. Model of the desalination cycle using hydrogels

The general idea for the cycle is sketched in Fig. 1. We start
by letting a gel swell to equilibrium in an infinite reservoir at salt
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2.1. Model of the hydrogel

The model of the hydrogel used in this paper has been presented
in our previous publication [9], where it was compared to molec-
ular dynamics simulations of a coarse-grained representation of a
poly(acrylic acid) polyelectrolyte gel. Although the above-mentioned
coarse-grained simulations neglect many chemical details of the
real systems, performing such simulations over a broad range of
gel parameters, desired for the present study, would still be pro-
hibitively expensive (see refs. [23–32] or a recent review [33]).
Therefore we will use the simpler and computationally less expen-
sive analytical mean-field model of Katchalsky and Michaeli [22],
relying on our previous validation of its predictions of swelling
equilibria and salt partitioning against a coarse-grained molecular
model of the hydrogel [9]. In the following, we will introduce the
main aspects of the model, referring the reader to the preceding
publication for a detailed discussion of its behaviour and range of
validity.

Since the desalination fundamentally depends on the swelling
properties of the hydrogel, we introduce the swelling ratio, Q, as

Q =
V
V0

, (1)

where V the volume of the polyelectrolyte gel in swelling equilib-
rium, and V0 is the reference volume of an equivalent neutral gel
under the same conditions. In this view, “equivalent” refers to a gel
with the same topology and chain length. In experiments, volume
of a dry gel is often preferred as the reference state, rather than
that of a swollen gel. The choice of the reference state is, of course,
arbitrary. However, our choice is well accessible in both experiment
and simulation, while the volume of a dry gel is not well defined
for coarse-grained models in implicit solvent. The end-to-end dis-
tance, R0, of chains in neutral gels at swelling equilibrium under
good solvent conditions is well approximated by that of a free chain
R0 = ab(N ! 1)m , where m = 0.588 is the universal scaling exponent
for the chains with excluded volume, b is the mean bond length, N
is the number of segments per chain, and a = 1.23 is a numerical
prefactor, which we determined for our particular model from sim-
ulations [9]. One further length scale has to be taken into account,
which is the contour length of the chain Rmax = b(N ! 1), i.e., the
maximal extension to which the network strand can be stretched.
For regular topologies that can be represented by an elementary cell,
it is possible to express the volume occupied by one chain via its
end-to-end distance:

Vchain =
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where the value of A depends solely on the chosen topology of the gel
network. This allows us to express the swelling degree Q as a cube of
the ratio of chain end-to-end distances:
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The model relies on the commonly employed Flory-Rehner
hypothesis: the free energy can be separated to individual contri-
butions which are assumed to be independent. These include the
electrostatic, osmotic, and elastic contribution [34]. By taking the
derivatives of individual free energy contributions with respect to
volume, we obtain the respective contributions to the pressure. The

problem of minimising the free energy can then be equivalently
formulated as a balance of pressure contributions

Pext = Pel + Posm + Pstr , (4)

where Pext denotes the applied external pressure, Pel, Posm, and Pstr
denote the electrostatic, osmotic, and stretching (elastic) contribu-
tions to pressure. The electrostatic pressure term can be expressed
as
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where cpol is the total monomer concentration, a is the fraction of
charged monomers, j is the inverse Debye screening length inside
the gel and the parameter n is used to simplify the notation, given by
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In the original version of the model proposed by Katchalsky and
Michaeli [22] the elastic response was assumed to be harmonic, due
to the Gaussian polymer model, which holds only for small exten-
sions. At higher extensions, common for charged gels, the Gaussian
model would predict unphysical overstretching of the chains in
some cases. We corrected this behaviour using the inverse Langevin
function L!1 in the elastic response:
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where the second term corrects for the otherwise nonzero pressure
in the relaxed conformation Re = R0. Excluded volume effects are
neglected in this approach.

Two equilibrium conditions need to be fulfilled simultaneously:
one for the chemical equilibrium of the salt ions; and a second one for
the mechanical equilibrium. These result in two coupled equations
for the mechanical equilibrium

Pstr + Pel = Pext ! Posm = Pext ! kBT
%

2cg
s + acpol ! 2cb

s

&
. (8)

and for the salt partitioning

cg
s =

'!
acpol

2

"2
+

%
cb

s

&2
C

(1/2

! acpol

2
, (9)

which relates the salt concentration inside the hydrogel, cg
s , to that in

the bulk reservoir, cb
s . The parameter C is defined as

C = exp

'

! cpol

2cg
s + acpol

6a2NkB

jR2
0(1 + n)

(

. (10)

and accounts for the deviations of salt partitioning from the ideal
gas behaviour. With C = 1 Eq. (8) attains the form of the Donnan
equilibrium condition [35].

For a given Re we solve Eq. (8) iteratively by a procedure pro-
posed in the original paper [22]. Then we construct the dependence
of the applied pressure on the chain extension, Pext(Re), and find the
equilibrium swelling at Pext(Re) = 0.

2.2. Model of the desalination cycle using hydrogels

The general idea for the cycle is sketched in Fig. 1. We start
by letting a gel swell to equilibrium in an infinite reservoir at salt
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Flory-Rehner type Ansatz

Free energy for a stretched macromolecule with

where denotes the Langevin function for the polymer elasticity
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The model of the hydrogel used in this paper has been presented
in our previous publication [9], where it was compared to molec-
ular dynamics simulations of a coarse-grained representation of a
poly(acrylic acid) polyelectrolyte gel. Although the above-mentioned
coarse-grained simulations neglect many chemical details of the
real systems, performing such simulations over a broad range of
gel parameters, desired for the present study, would still be pro-
hibitively expensive (see refs. [23–32] or a recent review [33]).
Therefore we will use the simpler and computationally less expen-
sive analytical mean-field model of Katchalsky and Michaeli [22],
relying on our previous validation of its predictions of swelling
equilibria and salt partitioning against a coarse-grained molecular
model of the hydrogel [9]. In the following, we will introduce the
main aspects of the model, referring the reader to the preceding
publication for a detailed discussion of its behaviour and range of
validity.

Since the desalination fundamentally depends on the swelling
properties of the hydrogel, we introduce the swelling ratio, Q, as

Q =
V
V0

, (1)

where V the volume of the polyelectrolyte gel in swelling equilib-
rium, and V0 is the reference volume of an equivalent neutral gel
under the same conditions. In this view, “equivalent” refers to a gel
with the same topology and chain length. In experiments, volume
of a dry gel is often preferred as the reference state, rather than
that of a swollen gel. The choice of the reference state is, of course,
arbitrary. However, our choice is well accessible in both experiment
and simulation, while the volume of a dry gel is not well defined
for coarse-grained models in implicit solvent. The end-to-end dis-
tance, R0, of chains in neutral gels at swelling equilibrium under
good solvent conditions is well approximated by that of a free chain
R0 = ab(N ! 1)m , where m = 0.588 is the universal scaling exponent
for the chains with excluded volume, b is the mean bond length, N
is the number of segments per chain, and a = 1.23 is a numerical
prefactor, which we determined for our particular model from sim-
ulations [9]. One further length scale has to be taken into account,
which is the contour length of the chain Rmax = b(N ! 1), i.e., the
maximal extension to which the network strand can be stretched.
For regular topologies that can be represented by an elementary cell,
it is possible to express the volume occupied by one chain via its
end-to-end distance:

Vchain =
R3

e
A

(2)

where the value of A depends solely on the chosen topology of the gel
network. This allows us to express the swelling degree Q as a cube of
the ratio of chain end-to-end distances:

Q =
V
V0

=
!

Re

R0

"3
. (3)

The model relies on the commonly employed Flory-Rehner
hypothesis: the free energy can be separated to individual contri-
butions which are assumed to be independent. These include the
electrostatic, osmotic, and elastic contribution [34]. By taking the
derivatives of individual free energy contributions with respect to
volume, we obtain the respective contributions to the pressure. The

problem of minimising the free energy can then be equivalently
formulated as a balance of pressure contributions

Pext = Pel + Posm + Pstr , (4)

where Pext denotes the applied external pressure, Pel, Posm, and Pstr
denote the electrostatic, osmotic, and stretching (elastic) contribu-
tions to pressure. The electrostatic pressure term can be expressed
as

Pel = !kBT
cpol

N
(aN)2kB

3Re

#
2.5n

(1 + n)
! ln (1 + n)

$
, (5)

where cpol is the total monomer concentration, a is the fraction of
charged monomers, j is the inverse Debye screening length inside
the gel and the parameter n is used to simplify the notation, given by

n =
6

jR0

!
V
V0

" 1
3

. (6)

In the original version of the model proposed by Katchalsky and
Michaeli [22] the elastic response was assumed to be harmonic, due
to the Gaussian polymer model, which holds only for small exten-
sions. At higher extensions, common for charged gels, the Gaussian
model would predict unphysical overstretching of the chains in
some cases. We corrected this behaviour using the inverse Langevin
function L!1 in the elastic response:

Pstr(Re) = !kBT
cpol Re

3bN

!
L!1

!
Re

bN

"
! L!1

!
R0

bN

""
, (7)

where the second term corrects for the otherwise nonzero pressure
in the relaxed conformation Re = R0. Excluded volume effects are
neglected in this approach.

Two equilibrium conditions need to be fulfilled simultaneously:
one for the chemical equilibrium of the salt ions; and a second one for
the mechanical equilibrium. These result in two coupled equations
for the mechanical equilibrium

Pstr + Pel = Pext ! Posm = Pext ! kBT
%

2cg
s + acpol ! 2cb

s

&
. (8)

and for the salt partitioning

cg
s =

'!
acpol

2

"2
+

%
cb

s

&2
C

(1/2

! acpol

2
, (9)

which relates the salt concentration inside the hydrogel, cg
s , to that in

the bulk reservoir, cb
s . The parameter C is defined as

C = exp

'

! cpol

2cg
s + acpol

6a2NkB

jR2
0(1 + n)

(

. (10)

and accounts for the deviations of salt partitioning from the ideal
gas behaviour. With C = 1 Eq. (8) attains the form of the Donnan
equilibrium condition [35].

For a given Re we solve Eq. (8) iteratively by a procedure pro-
posed in the original paper [22]. Then we construct the dependence
of the applied pressure on the chain extension, Pext(Re), and find the
equilibrium swelling at Pext(Re) = 0.

2.2. Model of the desalination cycle using hydrogels

The general idea for the cycle is sketched in Fig. 1. We start
by letting a gel swell to equilibrium in an infinite reservoir at salt

For chemical and mechanical equilibrium we need to satisfy two coupled equations

and

with



How to determine the Swelling Equilibrium

N=64, cs=0.01 mol/l, f=1



Results for the Equilibrium Extension

From Figure 2, the swelling equilibrium for the corresponding
gel can be obtained by identifying the zero crossing (where the
reservoir pressure and the pressure in the gel balance). The
dependence of the swelling equilibria on experimental
conditions like the salt concentration or gel parameters like
the charge fraction of the monomers are examined in the next
section.
4.2. Swelling Equilibria. In Figure 3, the scaled equilibrium

extension Req/Rmax is shown as a function of the salt
concentration in the reservoir (csaltres ) and the charge fraction
( f). In agreement with the literature,15,19,21,23,24,26!29,62!64 we
!nd that the gel swells (a) more with increased charge fraction f
and (b) less with higher salt concentration in the reservoir.
In both parts of Figure 3 we observe that the single-chain

CGM and the periodic gel model agree very well. Therefore, the
usage of the single-chain CGM saves us an order of magnitude in
CPU time without sacri!cing the accuracy of the predictions of
Req. The PB CGM shows deviations from out reference data
whose size depends on the chosen parameters, but in general the
trend is reproduced. We !nd that the PB CGM also works for
gels which are highly charged (where the Katchalsky model
fails). In agreement with Kos !ovan et al.,29 we !nd that the
Katchalsky model o"ers very good gel swelling predictions for
gels with low charge fraction. The exact quanti!cation of how big
the error of the di"erent models is, however, a di#cult problem.
This arises from two facts:

• The PB model predictions can only be compared to a
!nite set of reference data which are computationally
expensive to generate.

• The high dimensionality of the parameter space:
predictions for gel swelling Req are made for di"erent
chain lengths, charge fractions, salt concentrations, and
dielectric permittivities. We observe that the PB and the
Katchalsky model show di"ering suitability in predicting
the swelling equilibrium in various parts of the parameter
space.

For completeness, we include the swelling equilibria which
were determined for all parameter combinations in the
Supporting Information. This data reveals that the PB CGM
predicts too low swelling equilibria at low salt concentrations
(compared to the periodic gel MD data) and too large swelling
equilibria for highly charged gels f! 1. In the following we want

to explicitly name some simplifying assumptions made in the PB
model which could cause these deviations:

• The polymer charge density !f(r !) in the PB model is for
simplicity, not dependent on the salt concentration or the
charge fraction which are imposed in the model.

• The stretching contribution Pcapstr is independent of the salt
concentration and the charge fraction f. For a charged
polymer, we would expect a di"erent sti"ness depending
on (a) the salt concentration and (b) the charge fraction.
At low salt concentrations or high charge fractions the
sti"ness (or persistence length) should increase, resulting
in a higher extension. Therefore, the force!extension of a
polyelectrolyte should favor more stretched states at low
salt concentrations or high charge fractions.

As mentioned above, the Katchalsky model does not provide
valid predictions for high charge fractions which can be seen in
the missing points in Figure 3a. Another tendency which can be
see for some parameter combinations (e.g., in Figure 3b) is that
the Katchalsky model exhibits larger deviations from the
periodic gel model for higher salt concentrations. This could
be related to the fact that the Debye!Hu"ckel approximation
works only well for low ion concentrations (below 0.01 mol/L
for 1:1 electrolytes65 when used for predicting the ionic activity
coe#cient). Another possible reason could be that the elastic
pressure contribution in the Katchalsky model is independent of
charge fraction and salt concentration (similar to the PB model
above).
Our new PB CGM also allows to obtain predictions for the

equilibrium extension of long chains in a gel which were
previously too expensive to simulate. For one set of parameters
we show this prediction in Figure 4 where the equilibrium end-
to-end distance is plotted as a function of the chain length N.
Additionally, we also show the predictions of the single-chain
CGM, the periodic gel model, and the Katchalsky model. As one
would expect, the equilibrium end-to-end distance increases
with chain length. The exact results in Figure 4 are important for
the later treatment of polydisperse gels (as explained in section
4.6). At this point we want to note that the Katchalsky model
fails for chain lengths N " 80 (at f = 0.5) and already shows
signi!cant deviations to the periodic gel model at N = 80. As
reported by Richter,67 the electrostatic pressure contributions of
the Katchalsky model are too negative for f = 0.5 compared to
the periodic gel model. These negative pressure contributions

Figure 3.Comparison of swelling predictions of the periodic gel model (i), the two newCGMs (ii, iii), and the Katchalskymodel for a polymer of chain
lengthN = 64 in aqueous solution ("r = 80). The equilibrium swelling Req (a) as a function of the charge fraction f for Csalt

res and (b) as a function of the
reservoir salt concentration Csalt

res for f = 0.5. The equilibrium volume is determined by locating the volume where Pgel(Veq) and Pres are equal by using a
linear interpolation. The error bar is the width of the interval at which the intersection happens. The error bar is typically smaller than the symbol size.
Note that in the !rst plot the points for the Katchalsky model do not cover the whole plot range. This is due to the fact that the Katchalsky model fails
for these parameters.29
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Comparison of all Models to Periodic Gel Model

also introduce multiple zero crossings in the PV curve of the
Katchalsky model for N ! 80 where the model fails.
The overall agreement between the two new models and the

expensive periodic gel simulations is evaluated in Figure 5 which

is a parametric plot with the periodic gel data on the abscissa and
the data of the other models on the ordinate. A straight line with
slope one would indicate perfect agreement with the periodic gel
simulations (this “ideal line” is indicated with the label “linear” in
Figure 5). The single-chain CGM !ts the periodic gel data very
good in the whole parameter space and therefore lies close to the
“ideal line” (a !tted line y(x) = mx through the single-chain
CGM data has the slope m = 1.01 and a coe"cient of
determinationR2 = 0.998). The PBCGM in general has a similar
trend as the periodic gel data but has deviations to the periodic
gel data (a !tted line through the PB CGM data has slope m =
0.968 and R2 = 0.98). As outlined above, the data points where
the swelling is below the “ideal line” are in tendency data at low

salt concentration. PB CGM data that are above the “ideal line”
are in tendency data at high charge fraction f. In contrast to the
Katchalsky model, our new models can be applied even at high
charge fractions and high salt concentrations. The Katchalsky
model data above the ideal line are due to deviations at high salt
concentrations, while Katchalsky model data below the ideal line
are due to deviations at high charge fraction. A !tted line to the
Katchalsky model data including the outliers (excluding the
outliers at f = 1) has a slopem = 0.74 (m = 1.07) and a coe"cient
of determination R2 = 0.72 (R2 = 0.992).
As we see in Figure 5, there seems to be “scattering” around

the predicted periodic gel data which serve as benchmark. The
“scattering” of the di#erent model data around the periodic gel
data in Figure 5 is due to the models not working perfectly and
projecting the results obtained in a three-dimensional parameter
space: {csaltres ,N, f} onto a one-dimensional abscissa. While there is
no “scattering” (in the sense of a strongly nonmonotonic
behavior) of the data around the ideal line for a single parameter
set (e.g., Req({csaltres }, N = !x, f = !x)/Rmax) there is apparent
“scattering” when plotting two data sets (e.g., Req({csaltres },N = 40,
f = 0.125)/Rmax and Req({csaltres }, N = 80, f = 1)/Rmax; see the
Supporting Information) from separate regions of the parameter
space together in Figure 5. This “scattering” does not mean that
predictions of themodels vary in a strongly nonmonotonic when
only varying one parameter.
Deviations between the simpli!edmodels and the periodic gel

model are either due to simpli!ed descriptions of the
interactions (as discussed above) or at least in part due to the
fact that the parameter A is not a constant but rather a function
of the end-to-end distance.29 This nona"ne behavior exists in
the periodic gel model and probably in real polymer networks.68

Therefore, a re!ned theory would also take into account that the
compression of a gel is not a"ne and would deal with A(Re). In
the Supporting Information we investigate the e#ect of changing
A on the predicted end-to-end distance in the PB CGM and !nd
however, that the in$uence is small.

4.3. Bulk Modulus. Mechanical properties are important,
for example, when evaluating the energetic costs for desalination
with polymer gels.2 One mechanical property of interest is the
isothermal bulk modulus K of a gel as a measure for the
mechanical strength:

= !
"
" # !

$
$K V

P
V

V
P
V

gel gel

(21)

In the case of the single-chain CGMs, we use Vchain instead of V.
The volume derivative of the pressure curve is approximately
calculated via the !nite di#erence quotient of the points which
are at the intersection of the reservoir and system pressure.
The scaling behavior of the shear modulus is connected to the

scaling of the bulk modulus K viab the Poisson ratio69 !:

!
!= +

!K G2(1 )
3(1 2 ) (22)

The scaling analysis by Barrat et al.38 (which is also based on
the pressure balance of the osmotic and the elastic pressure using
the ideal Donnan equilibrium) predicts that in swelling
equilibrium the shear modulus of a polymer gel is given by

= ( )G k T c
N

R

NbB
m eq

2

2
ikjjj y{zzz, where cm = N/Req

3 is the monomer

concentration in the gel in equilibrium,38 N the number of
monomers per chain, and b the size of the monomer. The
equilibrium end-to-end distance scales with the number of

Figure 4. Predictions for the equilibrium end-to-end distance of
monodisperse gels of di#erent chain lengthN for f = 0.5, "r = 80, and csalt

res

= 0.1 mol/L.

Figure 5. Swelling equilibria of the single-chain CGM and the PBCGM
compared to the more detailed periodic gel model. The results are
presented for a wide set of parameter combinations with "r = 80, N "
{40, 64, 80}, f " {0.125, 0.25, 0.5, 1}, and Csalt

res " {0.01, 0.02, 0.05, 0.1,
0.2} mol L#1. The linear function has the form y(x) = x and is termed
“ideal (prediction) line”. Note that the Katchalsky model produces
outliers at high charge fractions which go hand in hand with high
degrees of swelling in the periodic gel model. To show the failure of the
Katchalsky model, we included data points for which the Katchalsky
model failed to give a prediction. For illustration purposes we assign
those data points to Req/Rmax = 0. We want to note that our comparison
includes more charge fractions below f = 0.5 than above. This might
lead to the wrong impression that the Katchalsky model works in most
of the charge fraction although it does not work for f > 0.5.
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Intermediate Conclusion

Complexity reduction is possible in various ways
weeks->days->minutes
Single chain model optimal for best accuracy-time 
balance
Simple and old Katchalsky model works well for
Manning parameters <1

• J. Landsgesell et al., Cell Model Approaches for Predicting the Swelling and Mechanical Properties of
Polyelectrolyte Gels, Macromolecules 52, 9341-9353 (2019).

• J. Landsgesell et al., Modeling Gel Swelling Equilibrium in the Mean Field: From Explicit to Poisson-Boltzmann 
Models, Physical Review Letters 122, 208002 (2019).



Desalination with Hydrogels

A Novel Approach for the Desalination of
Seawater by Means of Reusable Poly(acrylic
acid) Hydrogels and Mechanical Force

Johannes Höpfner, Christopher Klein, Manfred Wilhelm*

Introduction

Theshortageofpotablewater inmanyregions is considered
as one of the major challenges of the 21st century.[1] While
even today1.2billionpeople lackaccess to clean freshwater
and 2.6 billion people lack proper sanitation, by the year
2025 up to 66% of the world’s population will live in water
stressed countries if current consumption patterns con-
tinue.[2–5] Water is often not scarce and within close
proximity, but most of it is salt or brackish water, hence
only 0.5% is potable and accessible.[6,7] In contrast, more
than one-fourth of the world’s population lives close to a
seashore;[8] accordingly the desalination of seawater has

raised considerable interest.[9,10] Several methods for
desalination are in use today, including multi-stage flash
(MSF) distillation, reverse osmosis (RO), electrodialysis (ED),
and freezing desalination. Currently the desalination
technology is dominated by the first two methods with
the RO-process growing gradually over the last decade.[9,11]

In principle, the RO-method consists of two compartments
divided by a membrane impermeable by salt. One
compartment is filled with brine, while pure water is
forced through the membrane to the second compartment
and salt enriched water stays behind. The pressure needed
for the desalination of seawater is usually in the range of
100–150bar.[9,11] For the method presented here, the
surface of the polyelectrolyte network can be regarded in
a similar manner as the membrane in a RO-process.

A cross-linked polyelectrolyte in contact with water or
brinewill swell and thereby forma hydrogel because of the
osmotic pressure difference between the inside of the gel
and the surrounding liquid. In an excess of solution, the

Communication
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Institute for Technical Chemistry and Polymer Chemistry,
Karlsruhe Institute of Technology (KIT), Engesserstr. 18, D-76128
Karlsruhe, Germany
Fax: (!49) 721 608 3153; E-mail: manfred.wilhelm@kit.edu

Desalination of a sodium chloride solution is achieved by the incorporation of salt depleted
water into an acrylic acid based hydrogel and the subsequent deswelling of the gel by
mechanical force to gain water with a lower salt content. This is a new approach towards
the problem of desalination of seawater that has,
to the best of our knowledge, not been presented
before. In a proof-of-principle experiment the salt
content of a 10 g/L NaCl solution could be reduced
by 35% in one cycle. The influence of main chemi-
cal parameters, e.g. degree of crosslinking, degree
of neutralization and experimental parameters
like particle size and salt concentration on the
desalination process are examined. Possible opti-
mum conditions for the desalination using a
poly(acrylic acid) network are discussed and the
construction of a simple apparatus for deswelling
by mechanical force is described.
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Fig. 1. Sketch of the proposed desalination cycle. In (a) the gel is swollen in a large reservoir at salt concentration cb
s . In (b) the gel is confined in a press and compressed with an

external pressure Pext, until a certain maximum compression state is reached (c). The expelled solution with salt concentration cout
s < cb

s will be used as starting point in the next
swelling-compression cycle.

concentration cb
s (a). The gel is then put into a press and slowly com-

pressed (b). During all steps of the compression the gel is in contact
with a finite salt reservoir of the expelled solution which has the
salt concentration cout

s . The compression sequence ends (c) at a pre-
scribed maximal pressure Pmax. In between the steps (b) and (c) the
volume is decreased in small increments DV as shown in Fig. 2. For
every volume decrement the salt partitioning between the expelled
water and the gel phase is calculated using Eq. (8) under the con-
straint of particle number conservation. After the calculation of the
salt partitioning has converged, the pressure acting on the gel is cal-
culated using Eq. (8). In the compression sequence cb

s in Eqs. (8)
and 9 is replaced by the salt concentration of the finite reservoir
cout

s . Integration of pressure with respect to volume yields the work
performed on the gel.

The water extracted in the one compression sequence (c) is col-
lected to make a new reservoir for the next cycle. The cycle is
restarted by finding the new swelling equilibrium of the gel in this
new reservoir concentration. The whole procedure is repeated until
the salt concentration has dropped below a predetermined threshold
salt concentration.

The whole process has three adjustable parameters: The initial
and target salt concentration, and maximal pressure, Pmax, where
one individual compression sequence is terminated. The overall aim
is to find a set of parameters that minimise the energy cost for
desalination. Since the parameter space is quite large, we restrict
the optimisation to one starting and one final salt concentration.
We chose a starting salt concentration of close to the salinity of
seawater [36], cstart

s = 0.6 mol/l, and the target concentration
cmin = 0.001 mol/l well below the threshold, where the salt can be
detected by the human tongue [37] cs ! 0.0026 mol/l. The choice
of a maximum applied pressure as termination condition for indi-
vidual cycles allows to compare the resulting energy cost of gels
with different microscopic parameters and furthermore resembles
the actual experiments performed by Höpfner et al. [20,21].

The set of investigated parameters includes the degree of poly-
merisation N of the connecting chains in the gel

N = {20, 100, 333} ,

the charge fraction a,

a = {0.1, 0.15, 0.2, 0.25, 0.3, 0.4} ,

as well as the maximal compression pressure Pmax

Pmax = {10, 20, 40} bar .

The charge fraction, or degree of ionization, a, refers to the fraction
of the monomers from the connecting chains that bear a charge,
which is equivalent to every monomer bearing a fractional charge
a. The strength of the electrostatic interaction is defined through
the Bjerrum length kB, which takes the value of kB = 0.71 nm in
aqueous solutions at room temperature. The bond length was set to
b = 0.366 nm as in our previous work. The hydrogel is considered as
a perfect diamond-like network with chains of length N that are con-
nected by tetra-functional nodes. For the diamond like geometry A is
about 1.3 (see Eq. (2)). This value is exact for the fully stretched net-
work, but decreases by as much as 50% upon compression, as shown
by our previous simulation results [9]. For theoretical considerations,
however, one usually neglects these variations and assumes an a!ne
deformation of the network, i.e. A is constant and independent of the
swelling (compression) state.

The parameter ranges are chosen such that they are experi-
mentally accessible. The range of charge fractions is limited by the
applicability of the underlying analytical model, which breaks down
for higher charge fractions [9] a ! 0.4.
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Fig. 2. Sketch two iterated almost infinitesimal compression steps.

Need several pressure- desalination cycles until potable water
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Theoretical Analysis Using the Simplest Model
Based on the Katchalsky model: A. Katchalsky, I. Michaeli, J. Polym. Sci. 15 69 (1955) .
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Fig. 8. Cumulative energy cost per cubic meter gT (see Eq. (13)) of desalinated water
as a function the outer salt concentration cout

s . The outer salt concentration is reached
after a series of swelling-compression cycles, in which the gels were compressed up
to Pmax = 10 bar. The dashed black line represents the theoretical limit based on the
ideal gas approximation. The inset shows the same data with a logarithmic scale for
the concentrations.

Such gels with charge fraction a = 0.1 and 0.2 perform comparably
well. The gels with the intermediate crosslinking degree show the
least energy consumption for the highest charge fraction of 0.3 and
need more energy when a is decreased. The same is true for the gel
with N = 20, which in general consumes the most energy, except for
the case a = 0.3 which lies in between the gels with N = 100. Gels
that were compressed to higher pressures show the same qualitative
behaviour. Considering the data shown in Fig. 8, the optimal candi-
dates seem to be either weakly charged gels with an intermediate to
high degree of crosslinking, or gels with a low degree of crosslinking
but high degree of charging.

In order to confirm this proposal we show in Fig. 9 the total
energy cost gT for reducing the salt concentration from 0.6 mol/l
below 0.001 mol/l for all investigated gel parameters, and three
different maximum pressures. For the gel with the shortest chains,

Fig. 9. Total energy cost gT for the different gel parameters as a function of the charge
fraction a and the chain lengths N. The colour indicates the maximum pressure Pmax

that was applied to the compression sequences in order to reach a final salt concen-
tration below 10!3 mol/l. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

higher charge fractions yield lower total energy costs. The energy
costs are the highest for N = 20, and generally decrease with increas-
ing chain length. For the gels with N = 100 and N = 333, the
energy cost initially decreases with increasing charge fraction. But
around a " 0.2 this trend is reversed and the energy cost starts to
slightly increase with a. This is true for all shown data sets indepen-
dent of the maximal applied pressure. Increasing Pmax only leads to
a marginal increase of the total energy cost. For low values of the
charge fraction there is a significant difference in performance for
the gels with intermediate and low crosslinking degree, which van-
ishes as a increases above "0.2. This mostly confirms the conclusion
drawn from the data in Fig. 8, namely, that the most energetically
e!cient parameters for the gel are either low up to intermedi-
ate crosslinking degrees with an intermediate degree of charging. If
additionally, the number of performed cycles should be minimised,
then gels with intermediate crosslinking degree are optimal. Alter-
natively, the maximal applied pressure Pmax can be increased. This
only slightly increases the total energy cost but can significantly
reduces the number of cycles needed to achieve the desired salt
concentration, especially for the gels with large N. This can become
important when friction and other losses are considered in more
realistic applications.

4. Conclusion and outlook

In this paper we have numerically investigated a desalination
scheme based on the swelling of hydrogels and a subsequent com-
pression to extrude desalinated water. We have used an analytical
thermodynamic model that has proven to work well when com-
pared to coarse-grained simulations of a polyelectrolyte hydrogel
network [9]. Our model can be used to calculate salt partitioning and
equilibrium swelling ratios as well as the pressure required to com-
press the gel under adiabatic conditions. This in turn allowed us to
optimise the energy cost in terms of various gel parameters and for
a wide range of salt concentrations. In terms of the number of cycles
needed to achieve a given target salt concentration the gels with
a high degree of crosslinking, i.e. low chain length N, perform bet-
ter than the ones with a very low crosslinking degree. Furthermore,
the energy cost per unit amount of desalinated water decreases
with increasing charge fraction of the gel, as long as the crosslink-
ing degree is high. For the gels with lower crosslinking degree, the
energy cost initially decreases with increasing charge fraction but
then starts to increase again for higher degrees of charging. Hence
the optimal hydrogel candidate is either a gel with high crosslinking
degree and high degree of charging, a > 0.3, or a gel with an
intermediate crosslinking degree and a low charge fraction, 0.1 !
a ! 0.25. Last but not least, we have shown that the overall energy
cost increases if the maximum pressure in one cycle is increased.
However, it should be stressed that our present approach does not
account for any energy losses (e.g., due to friction) which would
likely occur in a desalination device under realistic conditions. Since
the optimum energy cost is rather flat with respect to the degree
of ionization, a practical implementation might favour parameters
which minimise the necessary number of cycles. When comparing
our energy cost to other desalination approaches like reverse osmo-
sis, which needs around [38–40] 4 to 6 kWh/m3, this approach is
competitive, at least on the theoretical level, yielding energy costs
around 1.5 to 3 kWh/m3 when starting with salt concentrations as
high as 0.6 mol/l. However, we should keep in mind that our theory
assumes equilibrium process, unlike in reality. Therefore practically
achievable energy costs will be higher. Our calculated energy costs
compare quite well to the theoretical limit of 0.83 kWh/m3, which
can be calculated based on the (ideal) osmotic pressure.

An advantage of using hydrogels for desalination purposes would
be the relatively simple setup and the low price for obtaining the
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of crosslinking need more cycles to reduce the salt concentration
(N = 333). For this case the number of needed cycles further
increases with the charge fraction a of the gel. Interestingly, this
is reversed for the gels with the highest crosslinking degree (N =
20). Here the number of necessary cycles decreases with increasing
charge fraction. The gel with the intermediate degree of crosslinking
shows a different behaviour: the number of cycles initially decreases
with increasing charge fraction a, and then starts to increase for
a ! 0.3. To explain this somewhat odd behaviour, one has to con-
sider that the gels with a low crosslinking density, i.e. high N, become
very diluted when swollen. Therefore, they can take up a fair amount
of salt, that even increases when the charge fraction is high. At some
point the concentration difference between inside and outside the
gel becomes negligibly small, and the performance as desalination
agent with respect to the number of compression sequences drops
considerably. This becomes intuitively clear when considering that
neutral gels cannot be used for desalination at all. To further illus-
trate this point, the concentration ratio of counterions to excess salt,
i.e. salt ions that were introduced during the swelling process, is
shown in Fig. 6. The gels with N = 20 have larger ratio, meaning the
counterions make up a large portion of the internal ionic strength.
For these gels the ratio increases when a is increased, which makes
them more e!cient with increasing charge fraction. For the gels with
larger N this starts to change. The gels with N = 100 show initially
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at the free swelling equilibrium (see Fig. 7) for different values of the reservoir salt
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the same behaviour as the gels with N = 20, but at some point
the gels with lower a become more e!cient, i.e. the counterions
dominate the ionic strength inside the gel. This effect is even more
pronounced for the gels with N = 333, and shows that the increasing
dilution of bound charges in the swollen gel counteracts the desali-
nation e!ciency. This means that at some point the gels with large
N do swell more strongly when a is increased, which leads to a
much lower salt rejection, which in turn manifests itself by the large
number of cycles necessary to achieve the target salt concentration.

Variation of the equilibrium swelling degree as a function of the
bulk salt concentration in Fig. 7 supports the observed dilution argu-
ment. Gels with N = 20 swell more when a is increased, but the
difference in Q for the different charge degrees is small. When com-
pared to the gels with larger N, increasing a yields a substantially
higher equilibrium swelling degree. This effect becomes more pro-
nounced for all gels as the bulk salt concentration decreases, but
again the difference for the gel with N = 20 remains smaller in
comparison to the gels with higher N.

3.3. Energy cost of the full desalination cycle

More important than the number of cycles that need to be per-
formed consecutively is the amount of energy needed to achieve the
target salt concentration. This quantity is displayed in Fig. 8 for our
investigated gel parameters. Here the cumulative work per extracted
cubic meter of water is plotted against the salt concentration of the
expelled water. The energy cost grows linearly with the amount of
removed salt, indicating that the work is mostly spent against the
osmotic pressure. The inset of Fig. 8 shows the same data on a semi-
logarithmic scale, highlighting that reducing the salt concentration
below "0.01 mol/l costs only very little energy. Furthermore, we
show the theoretical minimal energy cost for desalination as black
dashed line in Fig. 8. The theoretical minimal limit is based on an
ideal gas approximation that considers a huge reservoir with a par-
ticle concentration of 2cstart

s in contact with another chamber. The
reservoirs are separated by a membrane permeable to water only.
The theoretical limit can then be calculated by pushing a volume V
through the membrane against the (ideal) osmotic pressure P =
2kBT

#
cstart

s # cmin
$
). When discussing the energy costs calculated via

this model, one has to keep in mind that no losses, either due to fric-
tion or incomplete swelling, are taken into account. Furthermore, the
desalination effect could be decreased by having excess and intersti-
tial water in between the gel particles [21]. Therefore the following
discussion only applies to the idealised model. Considering the per-
formance of the gels with respect to their composition, gels with low
crosslinking degree need the least amount of energy to desalinate.
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Mini-Conclusion

Analytical calculations are feasible for desalination
efficiencies, etc.

But.. most PE hydrogels carry weak groups…..
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Dissociated fraction

acidity constant
dissociation constant
equilibrium constant

degree of ionization

for polyelectrolyte monomers: charge is not just a fixed unit!

Reaction Constant
(units of mols)
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What we can do

• Equilibrium of a general chemical reaction

‹A A + ‹B B + ... ≠≠ÔÓ≠≠ ‹X X + ‹Y Y + ...

• ‹i is the stoichiometric coefficient of species i

• Conservation of mass: atoms can be re-groupped but not created or
destroyed in a chemical reaction

• Predict equlibrium composition from the given initial composition and
external conditions (temperature, pressure, composition of a reservoir)

• Time evolution is our adjustable parameter because of using MC algorithms

What we cannot do
• Chemical kinetics – time-evolution of the composition

• Studying kinetics requires knowing or postulating the reaction mechanism

P. Košovan Simulating reaction equilibria. 4/30
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• Equilibrium of a general chemical reaction

‹A A + ‹B B + ... ≠≠ÔÓ≠≠ ‹X X + ‹Y Y + ...

• ‹i is the stoichiometric coefficient of species i

• Conservation of mass: atoms can be re-groupped but not created or
destroyed in a chemical reaction

• Predict equlibrium composition from the given initial composition and
external conditions (temperature, pressure, composition of a reservoir)

• Time evolution is our adjustable parameter because of using MC algorithms

What we cannot do
• Chemical kinetics – time-evolution of the composition

• Studying kinetics requires knowing or postulating the reaction mechanism
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Dissociation of weak acids – the ideal case

• Schematic dissociation reaction of a weak acid HA

HA ↵ A≠ + H+

• General condition of chemical equilibrium (fixed T, p)

0 =
ÿ

i

‹i

3
ˆG

ˆNi

4
=

ÿ

i

‹iµi = µA≠ + µH+ ≠ µHA

• Ideal chemical potential

µid
i

= µi ≠ µ°
i

= kBT ln
1 ci

c°

2

• Ideal acidity constant

KA = exp
1

≠ 1
kBT

ÿ

i

‹iµ
°
i

2
ideal= cH+cA≠

c°cHA
pKA © ≠ log10 KA

• Corrections for non-ideal behaviour arise due to interactions

P. Košovan Simulating reaction equilibria. 5/30
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The Henderson-Hasselbalch equation

• Degree of ionization = probability that group HA is ionized

– ©
=

NA≠

NHA + NA≠

>
= cA≠

cHA + cA≠
, cA≠ = –cA , cHA = (1 ≠ –)cA

• Ideal acidity constant in terms of –

KA
ideal= cH+cA≠

c°cHA
= cH+

c°
–

(1 ≠ –)
• Henderson-Hasselbalch equation

1/–
ideal= 1 + 10pKA≠pH

pH ideal= ≠ log10(cH+/c°)
• Rule of thumb:

– ¥ 0 at pH ≠ pKA . ≠1
– = 1/2 at pH ≠ pKA = 0

– ¥ 1 at pH ≠ pKA & 1  0
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Reactions in Poisson-Boltzmann Theories

l Charge regulation can be included into the PB 
model via enforcing local chemical equilibrium

c0 is in this equation the concentration of titrable units

Similar to Ninham, Parsegian, Journal of Theoretical Biology, 1971, see 
Landsgesell et al., PRL, 122, 208002 (2019)

 19

Universität Stugart

Grand-Reaction Method and 
Charge-Regulation in PB

● Grand-Reaction Method: Reaction ensemble plus grand-
canonical coupling. Difficulties:

1. Multicomponent reservoir, constrained by 
electroneutrality + water autoprotolysis

2. Improved sampling of reactions for scarce particles

● Charge-Regulation in PB plus grand-canonical coupling

HA⇄A
-+H

+

HA⇄A
-+Na

+
HA+Cl

-
⇄A

-

HA+OH
-
⇄A

-

α( r⃗ )=
c

A
-( r⃗ )

c0( r⃗ )
=

K c
o

c
H

+

res
exp(−e0 ψ( r⃗ )/(kB T))+K c

o

Landsgesell et al., Macromolecules (submitted) 2019
Ninham et al. Journal of Chemical Biology 1971



The Grand-Reaction MC (G-RxMC)

Landsgesell et al., Macromolecules 53, 3007 (2020)
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Known Case: Linear PE
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Ullner et al. JCP 104, 3048 (1996) 
Košovan et al. Soft Matter 6 1872 (2010)
Castelnovo et al. EPJE 1, 115 (2000)

„End Effect“

Position-dependent
dissociation, similar
as in microgels
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The pH-Dependent Swelling of Weak Polyelectrolyte Hydrogels
Modeled at Di!erent Levels of Resolution
Jonas Landsgesell, David Beyer, Pascal Hebbeker, Peter Kos !ovan,* and Christian Holm*
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ABSTRACT: The swelling of polyelectrolyte hydrogels has been
often explained using simple models derived from the Flory!Rehner
model. While these models qualitatively predict the experimentally
observed trends, they also introduce strong approximations and
neglect some important contributions. Consequently, they some-
times incorrectly ascribe the observed trends to contributions which
are of minor importance under the given conditions. In this work, we
investigate the swelling properties of weak (pH-responsive)
polyelectrolyte gels at various pH and salt concentrations, using a
hierarchy of models, gradually introducing various approximations.
For the !rst time, we introduce a three-dimensional particle-based
model which accounts for the topology of the hydrogel network, for
electrostatic interactions between gel segments and small ions, and
for acid!base equilibrium coupled to the Donnan partitioning of small ions. This model is the most accurate one; therefore, we use
it as a reference when assessing the e"ect of various approximations. As the !rst approximation, we introduce the a#ne deformation,
which allows us to replace the network of many chains by a single chain, while retaining the particle-based representation. In the next
step, we use the mean-!eld approximation to replace particles by density !elds, combining the Poisson!Boltzmann equation with
elastic stretching of the chain. Finally, we introduce an ideal gel model by neglecting the electrostatics while retaining all other
features of the previous model. Comparing predictions from all four models allows us to understand which contributions dominate at
high or low pH or salt concentrations. We observe that the !eld-based models overestimate the ionization degree of the gel because
they underestimate the electrostatic interactions. Nevertheless, a cancellation of e"ects on the electrostatic interactions and Donnan
partitioning causes both particle-based and !eld-based models to consistently predict the swelling of the gels as a function of pH and
salt concentration. Thus, we can conclude that any of the employed models can rationalize the known experimental trends in gel
swelling, however, only the particle-based models fully account for the true e"ects causing these trends. The full understanding of
di"erences between various models is important when interpreting experimental results in the framework of existing theories and for
ascribing the observed trends to particular contributions, such as the Donnan partitioning of ions, osmotic pressure, or electrostatic
interactions.

1. INTRODUCTION
Polyelectrolyte hydrogels are polymer networks composed of
covalently or reversibly cross-linked polyelectrolytes. Their
characteristic feature is the ability to swell and absorb huge
amounts of water, many times exceeding the mass of the dry
gel. This swelling is caused by a combined e"ect of the
electrostatic repulsion of charged monomers and the osmotic
pressure of their counterions. Weak polyelectrolyte hydrogels
contain weakly acidic or weakly basic groups that can change
their ionization degree upon a change in the solution pH,
which in turn a"ects their swelling properties. In addition to
that, the degree of ionization of the weak polyelectrolyte
hydrogel determines the Donnan potential that in turn
determines the partitioning of small ions between the hydrogel
and the supernatant solution resulting in a complicated
feedback loop. A theoretical understanding of these complex

e"ects is important for applications of polyelectrolyte hydro-
gels in hygiene products,1 sequestration of ions,2,3 or water
desalination4!8 at a speci!c pH and salt concentration of the
supernatant solution. It is also important for the design of pH-
responsive hydrogels for controlled encapsulation and release
of drugs, in which a change in the pH is used to control the
swelling of the gel.9!13
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The Henderson-Hasselbalch equation

• Degree of ionization = probability that group HA is ionized

– ©
=

NA≠

NHA + NA≠

>
= cA≠

cHA + cA≠
, cA≠ = –cA , cHA = (1 ≠ –)cA

• Ideal acidity constant in terms of –

KA
ideal= cH+cA≠

c°cHA
= cH+

c°
–

(1 ≠ –)
• Henderson-Hasselbalch equation

1/–
ideal= 1 + 10pKA≠pH

pH ideal= ≠ log10(cH+/c°)
• Rule of thumb:

– ¥ 0 at pH ≠ pKA . ≠1
– = 1/2 at pH ≠ pKA = 0

– ¥ 1 at pH ≠ pKA & 1  0
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The Henderson-Hasselbalch equation

• Degree of ionization = probability that group HA is ionized

– ©
=

NA≠

NHA + NA≠

>
= cA≠

cHA + cA≠
, cA≠ = –cA , cHA = (1 ≠ –)cA

• Ideal acidity constant in terms of –

KA
ideal= cH+cA≠

c°cHA
= cH+

c°
–

(1 ≠ –)
• Henderson-Hasselbalch equation

1/–
ideal= 1 + 10pKA≠pH

pH ideal= ≠ log10(cH+/c°)
• Rule of thumb:

– ¥ 0 at pH ≠ pKA . ≠1
– = 1/2 at pH ≠ pKA = 0

– ¥ 1 at pH ≠ pKA & 1  0
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Rule of thumb:

pKa = 4.25

and the particle-based simulations both predict a very low
ionization, ! ! 0.2. The discrepancies in the predictions from
the aforementioned models originate from the di!erent
treatment of electrostatic interactions. As a reference, we
used the Henderson"Hasselbalch equation (HH) with pH in
the reservoir as input. The ideal CGM model accounts for the
Donnan e!ect within the ideal-gas approximation but
completely neglects electrostatic interactions. Therefore, the
ideal CGM curve is shifted to higher pH as compared to the
HH model, and this shift originates only from the Donnan
partitioning of H+ ions. The PB CGM accounts for Donnan
partitioning and for electrostatic interactions on the mean-"eld
level, which yields a lower bound to the exact result. Therefore,
the shift predicted by the PB CGM is higher than from the
ideal CGM. Finally, the two particle-based models (chain MD
and gel MD) explicitly account for electrostatic interactions
between individual charges and also for the Donnan
partitioning. Consequently, both chain MD and gel MD
models predict very similar shifts, which are greater than from
the PB CGM. Furthermore, a comparison of Figure 4a and
Figure 1b reveals that the ideal CGM and PB CGM capture
about 50% of the full shift at low salt, whereas they capture a
much smaller portion of the full shift at higher salt
concentration. To understand the origin of these di!erences,
it is necessary to examine the Donnan and polyelectrolyte
e!ects separately.
3.2.1. E!ect of Electrostatic Interactions on the Ioniza-

tion. To demonstrate the role of the polyelectrolyte e!ect, in
Figure 4c,d, we plot ! as a function of pH inside the gel,
e!ectively subtracting the Donnan e!ect. The value of pHgel

was calculated using eq 5 from the known pHres and
concentrations of H+ ions inside and outside the gel. As
expected, Figure 4c,d shows that the ideal CGM result plotted

as a function of pHgel coincides with the ideal HH result. Other
models do not coincide with HH and the ideal CGM. Shifts in
the ionization, predicted by these models, can be used as a
measure of the polyelectrolyte e!ect on the ionization. Here,
we observe that the PB CGM predicts a much smaller shift
than the particle-based models, whereas the latter remain
consistent with each other. The polyelectrolyte e!ect is only
suppressed by an increase in the salt concentration, as
evidenced by comparing c0 = 0.01 M in Figure 4c and c0 =
0.1 M in Figure 4d. This suppression can be attributed to the
electrostatic screening, which a!ects mostly interactions
among monomers that are separated by more than the
Debye screening length (3 nm at c0 = 0.01 M and 1 nm at c0 =
0.1 M). Notably, the polyelectrolyte e!ect is dominated by
interactions between the nearest monomers, whereas the
electrostatic screening a!ects mostly interactions between
groups that are separated by 3"10 monomers along the chain.
Therefore, in the relevant range of salt concentrations, the
electrostatic screening only weakly a!ects the magnitude of the
polyelectrolyte e!ect. However, Figure 4c,d clearly demon-
strates that the approximation used for the electrostatic
interactions is the key factor which determines the ability of
a particular model to predict the polyelectrolyte e!ect.

3.2.2. pH in the Gel Due to Donnan Partitioning. We
quantify the Donnan e!ect by plotting the di!erence between
the pH value in the gel and in the reservoir, pHgel " pHres,
which is caused by the Donnan partitioning. Figure 5 shows

that, at low salt c0 = 0.01 M, the Donnan e!ect can lead to a
di!erence of about one unit of pH between the gel and the
reservoir. This di!erence is small at low pH, when the gel is
nonionized; however, it becomes signi"cant at pH # pK, as the
gel ionization increases. The di!erence pHgel " pHres is
approximately constant at intermediate pH, 7 $ pHres $ 11,
and it starts to diminish at pHres # 12. At high pH values, the
gel is fully ionized but the Donnan potential decreases as the
ionic strength of the reservoir increases due to the additional
NaOH, although the amount of added salt remains constant.
At a higher salt concentration, c0 = 0.1 M, we observe the same
dependence of pHgel " pHres on pH; however, its magnitude is
much smaller, accounting for less than 0.5 units of pH. Thus,
the shift caused by the Donnan e!ect is large at low salt
concentration, and it diminishes as the salt concentration is
increased. By comparing the Donnan and the polyelectrolyte

Figure 4. Degree of ionization as a function of pH in the reservoir (top
row) and pH in the gel (bottom row) under low salt conditions (c0 =
0.01 M, left column) and high salt conditions (c0 = 0.1 M, right
column).

Figure 5. Di!erence between the pH values in the gel and in the bulk
as a function of pH in the bulk at low concentration of added salt
(left) and a high concentration of added salt (right). The distinct
curves were obtained using di!erent models, as indicated in the
legend.
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e!ects at various salt concentrations, we conclude that at low
salt concentration the Donnan e!ect is comparable to the
polyelectrolyte e!ect. At high salt concentration the Donnan
e!ect almost vanishes, and the shift of ionization is almost
exclusively due to the polyelectrolyte e!ect. This observation is
consistent with our previous study of weak polyelectrolyte
solutions in equilibrium with a reservoir.26

Furthermore, Figure 5 shows that various models di!er in
predicting the magnitude of the Donnan e!ect, especially at
pH values slightly above the pK. The "eld-based cell gel
models, ideal CGM and PB CGM, predict a rather sharp onset
of this e!ect within about 2 units of pH, reaching a saturation
at pH ! 5 ! pK + 1. In contrast, the particle-based models
predict a more gradual onset of the Donnan e!ect, reaching a
saturation value only at pH ! 8 ! pK + 4. This di!erence is
caused by coupling of the Donnan partitioning of ions and
swelling of the gel, discussed in the next section.
3.3. Swelling of the Gel. 3.3.1. pH-Dependent Swelling.

The swelling of polyelectrolyte gels is predominantly
determined by the di!erence in osmotic pressures between
the gel and the reservoir, and by the electrostatic interactions
between the charged species. However, the osmotic pressure
di!erence depends on the Donnan potential, which in turn
depends on the ionization degree of the gel. The latter depends
on pH in the gel, which in turn depends on the Donnan
potential, resulting in a complicated feedback loop. In this
section, we systematically investigate how this coupling a!ects
predictions from various models of gel swelling.
To compare swelling properties of the hydrogels, we de"ne

the swelling ratio in two ways: (1) based on the volume of the
gel, QV = V/V0, which is directly proportional to the mass-
based ratio used in experiments!here, V0 is the dry volume of
the gel as estimated from a random packing of equally sized
WCA-spheres (packing fraction approximately 64%); (2)
based on the end-to-end distance of the gel strands, QRe

=
Re/Rmax, assuming an a#ne deformation of the gel network
upon swelling. In all models that assume an a#ne deformation,
QV = QRe

3 ! Vmax/V0 where Vmax/V0 is constant, Re is "xed, and
the volume per chain can be calculated as V = Re

3/A. Only in
the gel MD model, the chain ends are not "xed, and their
positions are allowed to $uctuate in all three dimensions.
Therefore, QV and QRe

in the gel MD model are related in a
more complicated way, re$ecting the fact that the a#ne
deformation is not strictly followed upon gel swelling.20

Figure 6 shows that all models qualitatively capture the
increase of swelling at pH ! pK and its decrease at a high pH.
This decrease can be understood as a consequence of the
increasing ionic strength due to the addition of NaOH, which
decreases the Donnan potential.14,15,17 By comparing QRe

predicted by di!erent models in Figure 6a and b, we observe
that both particle-based models agree almost quantitatively,
except for the lowest pH values, where the gel is neutral. At
low salt, the ideal CGM predicts an increase at pH ! pK that is
steeper and occurs at lower pH values than in the simulations.
In the saturation region at intermediate pH, the ideal CGM
overshoots the maximum swelling. In contrast, the PB CGM
predicts a lower swelling than the simulations at pH ! pK,
although it predicts a higher ionization of the gel at the same
pH values. Presumably, this seemingly contradicting observa-
tion is caused by a stronger Donnan partitioning in the PB
CGM, as seen in Figure 5. It a!ects both ionization degree and
swelling; however, because of the nonlinear coupling, we

observe a cancellation of errors in the mean-"eld approx-
imation which predicts lower swelling despite higher ionization
at the same pH values. The comparison of QRe

from di!erent
models at high salt yields a similar picture, except that the ideal
CGM predicts a swelling closer to the gel MD model, whereas
the chain MD model predicts a lower swelling than the gel MD
model in the whole pH range.
Unlike QRe

, a comparison of QV in Figure 6c and d displays a
di!erent picture than QRe

. All models seem to disagree at low
pH values, predicting a swelling in the order chain MD < gel
MD < PB CGM = ideal CGM. At intermediate and higher pH
values, the chain MD and gel MD models agree at both high
and low salt conditions. The PB CGM agrees with both
particle-based models at low salt, whereas it predicts a higher
swelling at low salt. Clearly, alleviating the assumption of a#ne
deformation, as we have switched from QRe

to QV, has a
notable impact on the comparison. This approximation has a
particularly strong impact on the predicted swelling at low pH
values and a low degree of ionization, when the network is
highly $exible and positions of the nodes can be far from their
average positions on the diamond lattice, as evidenced by
simulation snapshots in Figure 7. In addition, the di!erent
treatment of excluded volume causes di!erences between the
particle-based and the "eld-based models at low pH values. At
high pH, the structure of highly swollen gels is closer to the
ideal diamond lattice, with the network nodes placed close to
the actual location of lattice nodes. This is also supported by
simulation snapshots in Figure 7. Therefore, the relation V =
Re
3/A is a good approximation at high swelling, whereas it fails

Figure 6. Swelling ratio of the gel as a function of the pH value in the
reservoir expressed in terms of the chain extension QRe

= Re/Rmax (top
row) and in terms of the gel volume QV = V/V0 (bottom row) at a
low concentration of added salt (left column) and a high
concentration of added salt (right column). The distinct curves
were obtained using di!erent models, as indicated in the legend.
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at low swelling, as has been shown also in ref 20. Then, the
approximation for the electrostatic interactions is the key factor
that determines the di!erences between the models.
Consequently, both particle-based models predict the same
QV at pH ! pK, whereas the "eld-based models predict a
higher swelling. Interestingly, all of these di!erences cancel in
the PB CGM at c0 = 0. 01 M, where it predicts almost the same
swelling as both particle-based models in the whole pH range,
except at the lowest pH values.
3.3.2. Salt-Dependent Swelling. Finally, we investigate the

mechanism of nonmonotonic swelling as a function of added
salt that has been observed in various experiments on
polyelectrolyte hydrogels,14,15 polyelectrolyte brushes,21,31

and micelles.17 For this purpose, we extended the range of
investigated salt concentrations to very low values of c0 at
selected values of pH. In Figure 8a,b, we show that, at pH = 6

! pK, the swelling "rst dramatically increases at low salt, c0 "
10#2 M, then it goes through a maximum and starts to decrease
at c0 ! 10#1 M. All models predict a similar trend in the
swelling as a function of salt concentration, except that the
ideal CGM overshoots the maximum swelling, which was
discussed already in the previous section. At pH = 8$ pK, the
swelling starts to increase at lower salt concentrations, followed
by a broad maximum at intermediate salt concentrations, and
eventually a decrease at high salt concentrations. On the
contrary, both swelling ratio and degree of ionization, are
practically una!ected by the added salt at pH = 4 (see ref 51
for the corresponding "gures).

On the basis of analytical theories and mean-"eld
calculations, the following explanation of this phenomenon
has been established:21 as the salt concentration is increased,
the Donnan potential decreases, resulting in an increasing
ionization of the gel, which causes an increase in the swelling.
Simultaneously, the increased salt concentration causes a
decrease in the osmotic pressure; however, this decrease is
overcome by the increasing ionization. The maximum swelling
is reached when the gel becomes almost fully ionized. From
this point on, a further increase in salt concentration does not
increase the ionization of the gel; instead, it decreases the
osmotic pressure, causing a decrease in gel swelling. This
explanation is qualitatively con"rmed by our simulation results,
as can be inferred by correlating the swelling ratios in Figure
8a,b and ionization degrees in Figure 8c,d. At both pH values,
the increase in swelling at low salt concentrations follows the
trend of the increasing ionization degree, whereas at high salt
concentrations the swelling decreases while the ionization
degree is not a!ected.
Despite the qualitative agreement with the mean-"eld

picture, our comparison reveals notable di!erences between
the distinct models, which can be tracked down to the
employed approximations. Let us "rst focus on pH = 6 ! pK,
comparing Figure 8a and b. The ideal CGM that neglects
electrostatic interactions predicts a much steeper increase in
the ionization, and a concomitant increase in swelling already
at c0 % 10#4 M. The PB CGM predicts an increase in
ionization at about 10-times higher concentration than the
ideal CGM, and concomitantly it also predicts an increase in
the swelling at a higher salt concentration. The explicit-particle
models predict a more gradual increase in the ionization, so
that the full ionization is not reached even at c0 % 1 M.
Interestingly, the gel swelling from particle-based models starts
to increase at lower salt than from both PB and ideal CGMs,
and it reaches a maximum at c0 % 10#3 M, when the ionization
degree is only ! % 0.3. Both particle-based models predict that
the swelling starts to decrease already at c0 % 10#2 M, although
the ionization degree is only ! % 0.5, and the latter continues
to increase as the salt concentration is further increased. No
such thing is observed in the ideal and PB CGMs, which
predict that the maximum swelling occurs at ! ! 0.8. Thus,
although all models predict the nonmonotonic swelling as a
function of added salt, they ascribe it to di!erent e!ects. Thus,
we observe that the explanation of the increase in swelling as a
function of salt concentration changes qualitatively if electro-
static interactions are considered explicitly, instead of applying
the mean-"eld approximation. The "eld-based models predict
a much higher degree of ionization, thereby ascribing the
swelling to a strong Donnan e!ect, while underestimating the
role of electrostatic interactions. The particle-based models
predict a lower degree of ionization and concomitantly weaker
Donnan e!ect. Nevertheless, the "eld-based models predict the
same swelling as the particle-based models, which is a
consequence of cancellation of errors caused by the
approximate treatment of electrostatic interactions. On the
contrary, the decrease in swelling at high salt is treated
consistently in all models, irrespective of the approximation for
the electrostatic interactions.

4. CONCLUSION
We introduced a hierarchy of models for weak polyelectrolyte
hydrogels at di!erent levels of approximation and computa-
tional complexity, which allowed us to study the swelling of

Figure 7. Snapshots of the gel MD model at free swelling equilibrium
for a reservoir salt concentration of csalt

res = 0.01 M and various pH
values of the reservoir. The black box bounds the unit cell. The
particles are not shown to scale.

Figure 8. Volume-based swelling ratio (top row) and the degree of
ionization (bottom row), predicted from various models, as a function
of added salt at pH = 6.
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• Single Chain CGM works still better than PB

• Excellent accuracy for the degree of dissociation

• Some differences due to missing many-body interactions

• Our G-RxMX allows to quantify Donnan and PE effects
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⌅ experiments: Ferrand-Drake et al.1

⌅ titration measurements of grafted
weak polyelectrolyte brushes

⌅ observed effect: strong shift of titration
curves, pKeffA ⌘ pHbulk �↵ = 1

2
�
scales

linearly with log10 cbulksalt

,!Ferrand-Drake et al.

,!Ferrand-Drake et al.

1
Ferrand-Drake et al, J. Phys. Chem. Lett. 11, 5212−5218 (2020) 
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Interacting System: Coarse-Grained Simulations

⌅ Kremer-Grest polymer model with
explicit ions

⌅ 5⇥ 5 chains of length 25 grafted
to wall

⌅ uniform grafting density
� = 0.1/�2

⌅ PBC in x- and y-direction
⌅ P3M with ELC for electrostatics
⌅ coupled to bulk at constant pH,
cbulksalt via G-RxMC

3
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To calculate the Donnan shift �Don for given values of
pHbulk and Ibulk, one has to simultaneously solve the
Henderson-Hasselbalch equation

↵ =
1

1 + 10pKA�pHbrush . (4)

for the degree of ionization ↵ and Equation 3, since cbrush
A�

is proportional to ↵ which in turn depends on pHbrush.
Ultimately, when plotting the degree of ionization as a
function of the pH in the bulk, the titration curve appears
shifted compared to a naive application of the Henderson-
Hasselbalch equation with pHbrush. This is due to the
Donnan shift �Don. It is important to note that this
shift is ultimately only apparent, as it completely disap-
pears when ↵ is plotted as a function of pHbrush. Still,
it has to be taken into account when interpreting experi-
mental data, since the quantity that can be measured in
experiments is pHbulk rather than pHbrush.

To quantify the shift of the ionization curves, one can
define an e↵ective pKA-value as [3]

pKe↵
A ⌘ pHbulk

✓
↵ =

1

2

◆
ideal
= pKA + �Don. (5)

In general, pKe↵
A contains contributions due to (electro-

static) interactions, termed in the past the “polyelec-
trolyte e↵ect” [5], and due to the Donnan e↵ect. From
Equation 3 we conclude that the Donnan e↵ect is espe-
cially strong when the concentration cbrush

A� of charged
monomers is much higher than the ionic strength of the
bulk solution. For this reason we expect the Donnan shift
to be particularly pronounced in weak polyelectrolyte
brushes, as they typically have a much higher polymer
density than related systems such as weak hydrogels. In
particular, for ↵ = 0.5 we have cbrush

A� � Ibulk and thus

�Don ⇡ log10

 
cbrush
A�

Ibulk

!
. (6)

Because for ↵ = 0.5 the ionic strength inside the brush
is dominated by the counterions confined to the brush,
cbrush
A� does not change significantly with Ibulk and con-

sequently pKe↵
A decreases approximately linearly with

log10

�
Ibulk/1 M

�
. This behaviour is indeed compatible

with the experimental results [3]. Although the ideal
theory neglects all interactions, it is still able to capture
the main contributions to the observed pKA shift, since
electrostatic interactions inside the brush are strongly
screened by the counterions.

FIG. 1. Snapshot of the brush model. The brush is shown in
the fully neutral state and small ions are not shown for clarity.
The black lines bound the first unit cell, shown is the central
image and the first periodic images in the x- and y-directions.
The snapshot was produced using the software VMD [6].

Simulation model. To include electrostatic interactions
in our theoretical description of the brush, we perform
particle-based simulations. Here we provide only a short
description of our simulation model, a more detailed de-
scription including all parameter values can be found in
Ref. [7]. Our coarse-grained simulation model makes use
of the generic Kremer-Grest polymer model with an im-
plicit solvent [8]. In our simulations, the polyelectrolyte
brush of high grafting density � = 0.1/�2 (� is the diame-
ter of a monomer) is represented by a total of 5 ⇥ 5 = 25
chains with 25 monomers each. All monomers are of
the same particle type and correspond to a weak acid
characterized by pKA = 4.0. This value was chosen to
be close to acrylic acid, which is a weak acid commonly
used in experiments. We fix the first monomer of each
chain at a height of z = � and at a uniform grafting den-
sity. The simulation box, corresponding to a slab system,
consists of a square cuboid box with lateral dimensions
Lx = Ly =

p
25/� ⇡ 15.8� and height Lz = 50�. To

confine the system in the z-direction, we make use of
fixed walls at z = 0 and z = Lz which interact via a
WCA potential [9] with all particles in the simulation.
Figure 1 shows a snapshot of the brush model.

To sample di↵erent conformations of the system, we
make use of Langevin dynamics with T ⇡ 300 K. We
integrate the equations of motion using the Velocity-
Verlet method [10]. In order to simulate the ionization
equilibrium of the acidic monomers as well as the ex-
change of small ions with the bulk, we make use of the
G-RxMC method [5], which we describe in more detail
in Ref. [7]. To e�ciently sum up the electrostatic in-
teractions in the slab system, we use the P3M method
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To calculate the Donnan shift �Don for given values of
pHbulk and Ibulk, one has to simultaneously solve the
Henderson-Hasselbalch equation
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for the degree of ionization ↵ and Equation 3, since cbrush
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is proportional to ↵ which in turn depends on pHbrush.
Ultimately, when plotting the degree of ionization as a
function of the pH in the bulk, the titration curve appears
shifted compared to a naive application of the Henderson-
Hasselbalch equation with pHbrush. This is due to the
Donnan shift �Don. It is important to note that this
shift is ultimately only apparent, as it completely disap-
pears when ↵ is plotted as a function of pHbrush. Still,
it has to be taken into account when interpreting experi-
mental data, since the quantity that can be measured in
experiments is pHbulk rather than pHbrush.

To quantify the shift of the ionization curves, one can
define an e↵ective pKA-value as [3]
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In general, pKe↵
A contains contributions due to (electro-

static) interactions, termed in the past the “polyelec-
trolyte e↵ect” [5], and due to the Donnan e↵ect. From
Equation 3 we conclude that the Donnan e↵ect is espe-
cially strong when the concentration cbrush

A� of charged
monomers is much higher than the ionic strength of the
bulk solution. For this reason we expect the Donnan shift
to be particularly pronounced in weak polyelectrolyte
brushes, as they typically have a much higher polymer
density than related systems such as weak hydrogels. In
particular, for ↵ = 0.5 we have cbrush
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is dominated by the counterions confined to the brush,
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A� does not change significantly with Ibulk and con-

sequently pKe↵
A decreases approximately linearly with
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with the experimental results [3]. Although the ideal
theory neglects all interactions, it is still able to capture
the main contributions to the observed pKA shift, since
electrostatic interactions inside the brush are strongly
screened by the counterions.

FIG. 1. Snapshot of the brush model. The brush is shown in
the fully neutral state and small ions are not shown for clarity.
The black lines bound the first unit cell, shown is the central
image and the first periodic images in the x- and y-directions.
The snapshot was produced using the software VMD [6].

Simulation model. To include electrostatic interactions
in our theoretical description of the brush, we perform
particle-based simulations. Here we provide only a short
description of our simulation model, a more detailed de-
scription including all parameter values can be found in
Ref. [7]. Our coarse-grained simulation model makes use
of the generic Kremer-Grest polymer model with an im-
plicit solvent [8]. In our simulations, the polyelectrolyte
brush of high grafting density � = 0.1/�2 (� is the diame-
ter of a monomer) is represented by a total of 5 ⇥ 5 = 25
chains with 25 monomers each. All monomers are of
the same particle type and correspond to a weak acid
characterized by pKA = 4.0. This value was chosen to
be close to acrylic acid, which is a weak acid commonly
used in experiments. We fix the first monomer of each
chain at a height of z = � and at a uniform grafting den-
sity. The simulation box, corresponding to a slab system,
consists of a square cuboid box with lateral dimensions
Lx = Ly =

p
25/� ⇡ 15.8� and height Lz = 50�. To

confine the system in the z-direction, we make use of
fixed walls at z = 0 and z = Lz which interact via a
WCA potential [9] with all particles in the simulation.
Figure 1 shows a snapshot of the brush model.

To sample di↵erent conformations of the system, we
make use of Langevin dynamics with T ⇡ 300 K. We
integrate the equations of motion using the Velocity-
Verlet method [10]. In order to simulate the ionization
equilibrium of the acidic monomers as well as the ex-
change of small ions with the bulk, we make use of the
G-RxMC method [5], which we describe in more detail
in Ref. [7]. To e�ciently sum up the electrostatic in-
teractions in the slab system, we use the P3M method
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Figure 3. Solution of charged rod-like polyelectrolytes and counterions in equilibrium
with a bulk salt reservoir. The membrane is permeable for everything but the macroions.
Notice that both compartments are charge neutral.

related to the concentration of salt molecules in the salt reservoir? This
situation is depicted in Fig. 3 and is referred to as a “Donnan equilibrium”
[25, 26]. In the following we will address this question on the level of the
cell model and Poisson-Boltzmann theory. For simplicity we will only treat
the case in which all ions are monovalent.

The compartment containing the macroions will be described by a cell-
model, which apart from the central rod and the counterions will contain
a certain number of salt molecules, yet to be determined. Since both the
counterions and the oppositely charged coions can cross the membrane,
they have to be in electrochemical equilibrium. However, before we can
write down a condition for that, there is an additional e!ect that we have
to take into account: Since the charged macroions cannot leave their com-
partment, their counterions also will have to remain there for reasons of
electroneutrality. Hence, upon addition of salt there is a tendency for the
salt to go into the other compartment, which is less “crowded”. However,
this implies that in general there must be a discontinuity in the counter- and
coion density across the membrane. Such a di!erence can only be sustained
by a corresponding drop in the electrostatic potential across the membrane
separating the two compartments. This potential drop is referred to as the
“Donnan potential”, "D, and must be taken into account when balancing
the electrochemical potentials.

Having said this, we can now proceed to compute electrochemical poten-
tials on both sides. On the side containing the macroions we will compute
the chemical potential at the cell boundary, where the only contribution is
the entropy term if we set the potential to zero there. In the bulk salt reser-
voir we get an entropy term corresponding to the bulk salt density, which
we call nb, and a term corresponding to the Donnan potential "D. With
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To calculate the Donnan shift �Don for given values of
pHbulk and Ibulk, one has to simultaneously solve the
Henderson-Hasselbalch equation
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for the degree of ionization ↵ and Equation 3, since cbrush
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is proportional to ↵ which in turn depends on pHbrush.
Ultimately, when plotting the degree of ionization as a
function of the pH in the bulk, the titration curve appears
shifted compared to a naive application of the Henderson-
Hasselbalch equation with pHbrush. This is due to the
Donnan shift �Don. It is important to note that this
shift is ultimately only apparent, as it completely disap-
pears when ↵ is plotted as a function of pHbrush. Still,
it has to be taken into account when interpreting experi-
mental data, since the quantity that can be measured in
experiments is pHbulk rather than pHbrush.

To quantify the shift of the ionization curves, one can
define an e↵ective pKA-value as [3]
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In general, pKe↵
A contains contributions due to (electro-

static) interactions, termed in the past the “polyelec-
trolyte e↵ect” [5], and due to the Donnan e↵ect. From
Equation 3 we conclude that the Donnan e↵ect is espe-
cially strong when the concentration cbrush

A� of charged
monomers is much higher than the ionic strength of the
bulk solution. For this reason we expect the Donnan shift
to be particularly pronounced in weak polyelectrolyte
brushes, as they typically have a much higher polymer
density than related systems such as weak hydrogels. In
particular, for ↵ = 0.5 we have cbrush

A� � Ibulk and thus
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Because for ↵ = 0.5 the ionic strength inside the brush
is dominated by the counterions confined to the brush,
cbrush
A� does not change significantly with Ibulk and con-

sequently pKe↵
A decreases approximately linearly with

log10

�
Ibulk/1 M

�
. This behaviour is indeed compatible

with the experimental results [3]. Although the ideal
theory neglects all interactions, it is still able to capture
the main contributions to the observed pKA shift, since
electrostatic interactions inside the brush are strongly
screened by the counterions.

FIG. 1. Snapshot of the brush model. The brush is shown in
the fully neutral state and small ions are not shown for clarity.
The black lines bound the first unit cell, shown is the central
image and the first periodic images in the x- and y-directions.
The snapshot was produced using the software VMD [6].

Simulation model. To include electrostatic interactions
in our theoretical description of the brush, we perform
particle-based simulations. Here we provide only a short
description of our simulation model, a more detailed de-
scription including all parameter values can be found in
Ref. [7]. Our coarse-grained simulation model makes use
of the generic Kremer-Grest polymer model with an im-
plicit solvent [8]. In our simulations, the polyelectrolyte
brush of high grafting density � = 0.1/�2 (� is the diame-
ter of a monomer) is represented by a total of 5 ⇥ 5 = 25
chains with 25 monomers each. All monomers are of
the same particle type and correspond to a weak acid
characterized by pKA = 4.0. This value was chosen to
be close to acrylic acid, which is a weak acid commonly
used in experiments. We fix the first monomer of each
chain at a height of z = � and at a uniform grafting den-
sity. The simulation box, corresponding to a slab system,
consists of a square cuboid box with lateral dimensions
Lx = Ly =

p
25/� ⇡ 15.8� and height Lz = 50�. To

confine the system in the z-direction, we make use of
fixed walls at z = 0 and z = Lz which interact via a
WCA potential [9] with all particles in the simulation.
Figure 1 shows a snapshot of the brush model.

To sample di↵erent conformations of the system, we
make use of Langevin dynamics with T ⇡ 300 K. We
integrate the equations of motion using the Velocity-
Verlet method [10]. In order to simulate the ionization
equilibrium of the acidic monomers as well as the ex-
change of small ions with the bulk, we make use of the
G-RxMC method [5], which we describe in more detail
in Ref. [7]. To e�ciently sum up the electrostatic in-
teractions in the slab system, we use the P3M method
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[11–13] with the electrostatic layer correction (ELC) [14–
16], which allows us to take into account the interactions
with the periodic images only in the x- and y-directions.
We perform simulations for pHbulk 2 [1.0, 13.0] and
cbulk
NaCl 2

⇥
10�6 M, 0.316 M

⇤
. All simulations are carried

out using the open-source simulation software ESPResSo
[17].

Results. First, we investigate the degree of ionization
as a function of the pH in the bulk. As shown in Fig-
ure 2, the bulk salt concentration has a strong influence
on the titration behaviour of the brush. In the most
extreme case (cbulk

NaCl = 10�5 M) this amounts to a shift
of more than 5 units of pH, which is much larger than
the value typically observed for other polyelectrolyte sys-
tems such as chains in solution or the hydrogels. More
quantitatively, over a large range of salt concentrations
(cbulk

NaCl & 10�5 M) the titration curve is shifted by approx-
imately one unit of pH as the salt concentration decreases
by one order of magnitude, which is in agreement both
with the experimental results [3] and the ideal theory out-
lined above. The apparent irregularity for extremely low
salt concentrations (cbulk

NaCl . 10�5 M) is a consequence
of the fact that in this regime the ionic strength is sig-
nificantly influenced by the pH: for pHbulk ⇡ 9 one has
cbulk
OH� ⇡ 10�5 M which is comparable to cbulk

NaCl = 10�5 M.
As we show below, when this consideration is taken into
account the data obtained for low salt concentrations is
fully consistent with the theoretical prediction. Note that
this e↵ect naturally imposes an upper boundary on the
achievable shift of the pKA.

A quantitative comparison with the ideal theory can
be performed by looking at pKe↵

A . We determine pKe↵
A

using a linear interpolation of the titration curves which
we obtain from the simulations. When plotting pKe↵

A
against the bulk ionic strength Ibulk, as shown in Fig-
ure 3, we see that the shift decreases approximately lin-
early with the logarithm of cbulk

NaCl. Furthermore, we see
that the data for very low salt concentrations (cbulk

NaCl .
10�5 M) is fully consistent when the influence of the pH
on the bulk ionic strength is taken into account. Fitting
the data with the function

pKe↵,fit
A = a + b log10

�
cbulk
NaCl/1 M

�
(7)

yields a slope of b = �0.96 which is close to the theoret-
ical value of �1.

An advantage of the simulational approach as com-
pared to experiments is that the pH inside the brush is
readily accessible. This allows us to e↵ectively subtract
the Donnan shift from the titration curves by directly
plotting the ionization as a function of the pH inside the
brush. In order to determine the pH inside the brush,
we need to measure the concentration of H+ inside the
brush. In this work, we define the inside of the brush
using the normalized monomer distribution p(z), which
we obtain from the simulations. As an example, Fig-
ure 4 shows a plot of the monomer distribution p(z) for

FIG. 2. Titration curve of the weak polyelectrolyte brush
as a function of the pH in the bulk and for di↵erent bulk
salt concentrations. As a reference, the ideal titration curve
as described by the Henderson-Hasselbalch equation (HH) is
shown. For the simulation results, error bars are included but
smaller than the symbol size.
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cbulk
NaCl = 10�4 M and di↵erent values of the pH in the bulk.

For visual clarity, we do not include the fixed monomers
directly at the wall, as they can not move and conse-
quently produce a Dirac-delta-shaped peak in the dis-
tribution. Let us shortly discuss the behaviour of p(z)
for di↵erent values of pHbulk before we continue with the
discussion of the Donnan e↵ect. The most obvious ob-
servation about the distribution is that it gets broader as
pHbulk is increased, because the brush becomes ionized
and it swells due to the osmotic pressure of the counteri-
ons and the electrostatic repulsion. Another interesting
feature one can observe is the appearance of sharply de-
fined maxima and minima in the distribution function
near the wall as the swelling increases. These appear
because the chains become more stretched and near the
wall, where the chain ends are fixed, this increases the

3

[11–13] with the electrostatic layer correction (ELC) [14–
16], which allows us to take into account the interactions
with the periodic images only in the x- and y-directions.
We perform simulations for pHbulk 2 [1.0, 13.0] and
cbulk
NaCl 2

⇥
10�6 M, 0.316 M

⇤
. All simulations are carried

out using the open-source simulation software ESPResSo
[17].

Results. First, we investigate the degree of ionization
as a function of the pH in the bulk. As shown in Fig-
ure 2, the bulk salt concentration has a strong influence
on the titration behaviour of the brush. In the most
extreme case (cbulk

NaCl = 10�5 M) this amounts to a shift
of more than 5 units of pH, which is much larger than
the value typically observed for other polyelectrolyte sys-
tems such as chains in solution or the hydrogels. More
quantitatively, over a large range of salt concentrations
(cbulk

NaCl & 10�5 M) the titration curve is shifted by approx-
imately one unit of pH as the salt concentration decreases
by one order of magnitude, which is in agreement both
with the experimental results [3] and the ideal theory out-
lined above. The apparent irregularity for extremely low
salt concentrations (cbulk

NaCl . 10�5 M) is a consequence
of the fact that in this regime the ionic strength is sig-
nificantly influenced by the pH: for pHbulk ⇡ 9 one has
cbulk
OH� ⇡ 10�5 M which is comparable to cbulk

NaCl = 10�5 M.
As we show below, when this consideration is taken into
account the data obtained for low salt concentrations is
fully consistent with the theoretical prediction. Note that
this e↵ect naturally imposes an upper boundary on the
achievable shift of the pKA.

A quantitative comparison with the ideal theory can
be performed by looking at pKe↵

A . We determine pKe↵
A

using a linear interpolation of the titration curves which
we obtain from the simulations. When plotting pKe↵

A
against the bulk ionic strength Ibulk, as shown in Fig-
ure 3, we see that the shift decreases approximately lin-
early with the logarithm of cbulk

NaCl. Furthermore, we see
that the data for very low salt concentrations (cbulk

NaCl .
10�5 M) is fully consistent when the influence of the pH
on the bulk ionic strength is taken into account. Fitting
the data with the function

pKe↵,fit
A = a + b log10

�
cbulk
NaCl/1 M

�
(7)

yields a slope of b = �0.96 which is close to the theoret-
ical value of �1.

An advantage of the simulational approach as com-
pared to experiments is that the pH inside the brush is
readily accessible. This allows us to e↵ectively subtract
the Donnan shift from the titration curves by directly
plotting the ionization as a function of the pH inside the
brush. In order to determine the pH inside the brush,
we need to measure the concentration of H+ inside the
brush. In this work, we define the inside of the brush
using the normalized monomer distribution p(z), which
we obtain from the simulations. As an example, Fig-
ure 4 shows a plot of the monomer distribution p(z) for
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cbulk
NaCl = 10�4 M and di↵erent values of the pH in the bulk.

For visual clarity, we do not include the fixed monomers
directly at the wall, as they can not move and conse-
quently produce a Dirac-delta-shaped peak in the dis-
tribution. Let us shortly discuss the behaviour of p(z)
for di↵erent values of pHbulk before we continue with the
discussion of the Donnan e↵ect. The most obvious ob-
servation about the distribution is that it gets broader as
pHbulk is increased, because the brush becomes ionized
and it swells due to the osmotic pressure of the counteri-
ons and the electrostatic repulsion. Another interesting
feature one can observe is the appearance of sharply de-
fined maxima and minima in the distribution function
near the wall as the swelling increases. These appear
because the chains become more stretched and near the
wall, where the chain ends are fixed, this increases the

• Huge shift also observed in simulations

• Saturation at very low bulk salt concentrations because ionic strength

becomes dominated by H+

• linear scaling with log10 Ibulk is reproduced, slope -0.96 (vs. 1.0 for theory) 
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FIG. 6. Titration curve of the weak polyelectrolyte brush as
a function of the pH inside the brush and for di↵erent bulk
salt concentrations. By plotting ↵ as a function of the pH
inside the brush, we e↵ectively subtract the Donnan e↵ect.
As a reference, the ideal titration curve as described by the
Henderson-Hasselbalch equation is shown. For all simulation
results error bars are included but smaller than the symbol
size.

thermore, we observed that the shift is strongly depen-
dent on the salt concentration in the bulk. To quantify
the shift, we defined an e↵ective pKA value which in-
creased by approximately one unit of pH for every order
of magnitude decrease of the bulk ionic strength. In order
to test the theoretical explanation in terms of the ideal
Donnan theory, we measured the pH inside the brush
in our simulations. The observed di↵erence between the
pH value inside the brush and in the bulk followed the
same trends observed previously for a weak hydrogel [4],
however the magnitude was again much larger. By plot-
ting the degree of ionization as a function of the pH inside
the brush, we e↵ectively removed the Donnan e↵ect from
the titration curves. The resulting curves showed a much
smaller shift, which was caused by the polyelectrolyte ef-
fect, while most of the extreme shift was thus removed.
This confirmed our theoretical explanation in terms of
the Donnan e↵ect.

The simulation data and scripts are available free of
charge from Ref. [7]
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FIG. 4. Normalized monomer distribution of the brush as a
function of the distance from the wall for cbulk

NaCl = 10�4 M and
di↵erent values of the pH in the bulk. The dashed vertical
lines indicate the values of zcuto↵ .

order.
Using p(z), we define the inside of the brush as all

values of z  zcuto↵ , where zcuto↵ is implicitly defined by

0.97 =

Z zcutoff

0
dz p(z). (8)

The value of 0.97 for the cuto↵ percentage is arbitrary,
however the obtained value of pHbrush does not depend
sensitively on it as we show in Ref. [7]. With zcuto↵ we
can calculate the volume of the brush as

Vbrush = Lx · Ly · (zcuto↵ � �) , (9)

where we account for the fact that the region z < �
is in practice not accessible to the particles due to the
repulsive interaction with the wall. Using Equation 9
and the particle profiles obtained from the simulations,
we can calculate the pH inside the brush as

pHbrush ⇡ pHbulk � log10

�
cbrush
H+ /cbulk

H+

�
. (10)

In Figure 5 we show a plot of the di↵erence in pH between
the brush and bulk as a function of the pH in the bulk.
There are a number of interesting observations about
these curves. Firstly, the behaviour is non-monotonic.
We can understand the non-monotonicity using Equa-
tion 3: when increasing pHbulk, at first, the Donnan po-
tential increases and thus pHbrush �pHbulk decreases due
to the increasing concentration of charged monomers in
the system. At some point, this trend reverses because
the ionic strength of the bulk strongly increases due to
the added HCl. Secondly, we observe that the shift be-
comes weaker as the salt concentration is increased, be-
cause the Donnan potential becomes smaller. Thirdly, at
very low values of pHbulk, pHbrush is larger than pHbulk.
This e↵ect arises due to the excluded volume interactions,
because at low pHbulk, the brush is completely neutral.
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FIG. 5. Plot of the di↵erence between the pH inside the
brush and the pH in the bulk as a function of the pH in the
bulk and for di↵erent salt concentrations in the bulk.

Due to the high polymer density inside the brush, the
concentration of H+ ions is lower than in the bulk and
thus pHbrush is higher than pHbulk in this regime.

With the obtained pH inside the brush, we can now
e↵ectively subtract the Donnan e↵ect from the titration
curves. In Figure 6 we show the degree of ionization of
the brush as a function of the pH inside the brush. As a
reference, we also plot the ideal degree of ionization ac-
cording to the Henderson-Hasselbalch equation. The plot
shows that the resulting titration curves collapse onto a
single curve that almost coincides with the Henderson-
Hasselbalch equation. There remains a small shift which
has to be attributed to the (strongly screened) electro-
static interactions. Our results thus show that the ideal
Donnan theory can already account for the majority of
the observed shift. Although the direct observed influ-
ence of the electrostatic interactions is small, it should be
stressed that the ultimate cause of the Donnan e↵ect are
the electrostatic interactions as well, since the Donnan
potential arises due to an electroneutrality constraint of
the brush and the bulk solution.

Conclusion. Following the experimental work of
Ferrand-Drake del Castillo et al. [3], we theoretically
investigated the titration behaviour of a weak polyelec-
trolyte brush at di↵erent bulk salt concentrations. Using
the ideal Donnan theory, we explained the experimen-
tally observed giant pKA shifts as a consequence of the
Donnan partitioning between the bulk solution and the
brush. This means that the observed shifts are ultimately
only apparent. To investigate the e↵ect of electrostatic
interactions, we performed numerical simulations using a
coarse-grained polymer model and the G-RxMC method.
From our simulations we obtained titration curves for the
brush which again strongly deviated from the ideal case
described by the Henderson-Hasselbalch equation. Fur-

Polyelectrolyte effect, almost
independent of cs

• pH can differ by up to 5 units between
bulk solution and brush! 

• Plotting the degree of ionization α vs. pHbrush

removes most of the shift



Mini-Conclusion

36

• Huge pKa shifft only apparent

•Simple explanation in terms of Donnan theory:
consequence of the Donnan partitioning between the bulk
solution and the brush. 
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showed that the Flory!Rehner model with the Donnan
equilibrium does not work well for polyelectrolyte gels with a
high charge density. Ho!pfner et al.27 observed the deviation of
the model prediction with increasing the density of the !xed
ions, and they found that the Flory!Rehner model with the
Donnan equilibrium overestimated the equilibrium swelling
ratio by up to 30%. Katchalsky et al.28 suggested that the
substantial deviation from the classical Donnan equilibrium
may be due to a signi!cant decrease in the activity coe"cient
of the mobile ions in the ionized polyelectrolyte.
Most probably, these deviations were caused by the

overestimation of the contribution of counterions. The ionic
contribution is in#uenced by the relationship between the
ion!ion interaction and thermal #uctuation. When the ion
density is low, the ion!ion interaction is small compared to
the thermal #uctuation, and the distribution of ions follows the
Boltzmann distribution, in accordance with the Debye!Hu!ckel
limiting law.29!31 This is in agreement with the original
situation considered by Tanaka, where a weakly charged
#exible gel was considered, and the Donnan equilibrium was
applied. However, when the distance between neighboring
!xed ions is small, the binding force of the counterions
becomes greater than the thermal #uctuation.32!34 In this
condition, the counterions are localized around the network
strands. This phenomenon was experimentally observed for the
!rst time as an abnormally low osmotic pressure of the
polymer “solution”. Oosawa35 suggested that when a portion of
the counterions inside the highly charged polyelectrolyte
solution became condensed, the !xed ion concentration
decreased signi!cantly. This phenomenon is currently known
as counterion condensation. Kotin and Nagasawa attempted to
describe the bound fraction of counterions based on the
Poisson!Boltzmann distribution. They proposed a mathemat-
ical expression for the degree of counterion condensation.36

Manning developed a series of empirical formulations and
improved the previous condensation model.37 In Manning’s
model, the density of !xed ions on the polymer chains cannot
exceed a certain critical value, which depends on the distance
between the neighboring !xed ions.
A few studies also examined the applicability of Manning’s

model to describing the swelling behaviors of polyelectrolyte
gels and found that the model may still produce a signi!cant
deviation with regard to the swelling ratio.3,38 Recent works
mentioned that this deviation is attributed to the heterogeneity
of polymer gels including the aggregation structures39,40 and
the heterogeneous distribution of the !xed ions.41 In particular,
polyelectrolyte gels are conventionally prepared via the
random copolymerization of charged and neutral monomers
with cross-linkers. The charged monomers are expected to
localize on a strand because of the di$erences in the reactivities
of the monomers, with areas of dense and sparse !xed ions.41,42

However, it is impossible to evaluate the heterogeneous
distribution of charges; thus, the validation of the associated
theories is often inhibited. To fully understand the swelling
behaviors of polyelectrolyte gels, it is important to study the
polyelectrolyte gels with well-controlled block structures.
In 2008, we fabricated a polymer gel with a well-controlled

network structure via an AB-type cross-linking between two
tetra-armed poly(ethylene glycol)s (known as the Tetra-PEG
gel).43,44 As the tetra-armed building blocks were precisely
synthesized via anionic polymerization, the resultant networks
were expected to have a regular network structure with
tetrafunctional cross-linking points and a uniform strand

length. As elucidated in our previous reports, the controllability
of the network structures was con!rmed by using 1H multiple-
quantum nuclear magnetic resonance, Fourier transform
infrared spectroscopy, and mechanical tests.45!47 Thus, the
fabrication method of the Tetra-PEG gels is expected to be a
reasonable method to fabricate polymer gels with well-
controlled block structures. Recently, Oshima et al. successfully
synthesized tetra-armed poly(acrylic acid) (PAA) and
tetrafunctional PAA gels using the end-linking of Tetra-PAAs
via click chemistry.48 According to small-angle neutron
scattering and small-angel X-ray scattering studies, Tetra-
PAA gel in the uncharged state had a similar concentration
#uctuation as that in an un-cross-linked solution, suggesting
that the heterogeneous distribution of polymer segments was
highly suppressed, similar to the case of conventional Tetra-
PEG gels. The gel in the charged state showed a scattering
peak because of the characteristics of the polyelectrolyte.49

These studies indicated that a regular polyelectrolyte gel can be
formed via the AB-type cross-linking reaction.
In this work, we synthesize regular polyelectrolyte gels with

alternating neutral/highly charged sequences and investigate
the e$ect of the heterogeneous distribution of !xed ions on the
swelling behaviors. To obtain the regular polyelectrolyte gels,
the neutral and charged tetrafunctional segments composed of
poly(ethylene glycol) (Tetra-PEG) and poly(acrylic acid)
(Tetra-PAA) are synthesized. The Tetra-PEG and Tetra-PAA
segments are mutually reactive by click chemistry between the
maleimide and thiol groups to create the network formation
(the Tetra-PAA-PEG gel, as shown in Figure 1). It should be

noted that Tetra-PAA-PEG gel is expected to have alternating
neutral/charged sequences di$erent from the previous Tetra-
PEG gels43 and Tetra-PAA gel.48 It is because the Tetra-PEG
gel is entirely neutral, while all the monomers of the Tetra-
PAA gel can be charged. We investigate the Tetra-PAA-PEG
gel based on mechanical and spectroscopic measurements;
then, we analyze its swelling behaviors under tuned external
solutions. By comparison of the observed swelling ratios with
the predictions from the theoretical model that considers the
Donnan equilibrium and the counterion condensation e$ects,
the molecular mechanism of the swelling of strongly charged
polyelectrolyte gels is revealed.

Figure 1. Schematic illustration of the design of the Tetra-PAA-PEG
gel, where yellow and blue parts respectively represent the
poly(acrylic acid) and poly(ethylene glycol) units, and the optical
image.
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ABSTRACT: Polyelectrolyte gels comprising !xed ions exhibit
swelling behaviors because of external solution conditions. Such
behaviors are usually explained by using the Flory!Rehner model
that considers the Donnan equilibrium. However, this model
assumes a homogeneous distribution for !xed ions; therefore, its
applicability to the case of heterogeneous distributions remains
unclear. Here, we successfully designed a hydrogel with alternating
neutral/highly charged sequences (i.e., tetrapoly(acrylic acid)!
poly(ethylene glycol) gel). The Flory!Rehner model with the
Donnan equilibrium was found to predict the swelling ratio only
below pH 5.6. The distance between two neighboring !xed ions is larger than the Bjerrum length. The swelling behaviors above pH
5.6, where the !xed ions are more closely located than the Bjerrum length, can be explained by considering additionally the
counterion condensation in the poly(acrylic acid) units. These results indicate that the ionic interactions within the length scale of
the network strand can determine the counterion condensation and that it is vital to estimate accurately the distance between
neighboring !xed ions for predicting the swelling behaviors of polyelectrolyte gels.

1. INTRODUCTION
Polyelectrolyte gels often consist of polymer networks with
!xed ions on network strands and contain a solvent with
mobile counterions. In contrast with electrically neutral gels,
polyelectrolyte gels can signi!cantly swell or deswell, depend-
ing on the pH value and ionic strength of the external
solution.1!4 For example, polyacrylamide!acrylic acid gel,
whose pKa is 4.2, is representative of polyelectrolyte gels. In the
conventional studies, the swelling ratio of the polyacrylamide!
acrylic acid gel was investigated in the presence of various
types of salts, i.e., NaCl, CaCl2, AlCl3, etc. Owing to their
unique swelling properties, polyelectrolyte gels have been
widely used in commercial applications, such as diapers, soil
modi!ers, and seawater desalination. Moreover, the multi-
responsive swelling behaviors of polyelectrolyte gels are similar
to those of biological systems such as nerve excitation, muscle
concentration, and cell locomotion. Many attempts have been
made to utilize polyelectrolyte gels for drug delivery, soft
actuators, and tissue engineering, which is a testament to their
potential with regard to bioengineering applications.5!8

The equilibrium swelling behaviors of hydrogels can be
described by the Flory!Rehner assumption, in which the total
free energy is minimized in the equilibrium swelling state.9

According to the assumption, the total free energy (F) for the
polyelectrolyte gel is the sum of the free energy of elastic
deformation (Fel), the free energy of mixing (Fmix), and the free
energy caused by the di"erence in the mobile ion

concentrations inside and outside the gels (Fion). Flory and
co-workers assumed that elastic free energy has a Neo-
Hookean-type potential9,10 and estimated the mixing free
energy using the lattice approximation;11,12 the ionic free
energy can be determined by the Donnan equilibrium.13

Mobile ions can be condensed in a medium with !xed ions
when the medium is connected to the external solution. Ric !ka
and Tanaka14 proposed a model by combining the Flory!
Rehner model with the Donnan equilibrium to describe the
swelling behaviors of polyelectrolyte gels. Many experimental
studies have been conducted to validate the Flory!Rehner
model with the Donnan equilibrium using polyelectrolyte gels
obtained via radical polymerizations, such as polyacrylamide!
acrylic acid,14 poly(N-isopropylacrylamide),15,16 poly(N-
isopropylacrylamide-co-acrylic acid),17!19 acrylamide-
based,20!24 poly(vinylimidazole),25 and poly(acrylamide-co-
acrylic acid and trimethyl-N-acryloyl-3-aminopropyl-
ammonium chloride) gels.26 The model succeeded in
describing the swelling behaviors of polyelectrolyte gels with
relatively low charge density. On the other hand, some reports
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Structure of the Gel

38Simulation snapshot of the gel at cres= 10 mM in the non-ionized state (a) and fully ionized state (b)

a) cres
NaCl

= 10mM, pH
res = 2, ↵ ⇡ 0 b) cres

NaCl
= 10mM, pH

res = 11, ↵ ⇡ 1

PAA (neutral) PAA (ionized) PEG periodic image

Figure 7: Simulation snapshots of the gel at cres
NaCl

= 10mM in the non-ionized state (panel a)

and fully ionized state (panel b). For clarity, small ions have been omitted in both pictures

and the periodic images around the primary simulation box are shown only in panel b. The

boxes are not shown to scale; the magnification in panel a is greater than in panel b.
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Simulated Swelling Behavior

39

Volume-based swelling ratio as function of the pH in the reservoir

at maximum packing fraction of hard spheres, 64%. The free swelling equilibrium of the

gel is determined by the balance between the osmotic pressure of small ions, electrostatic

interactions and entropic elasticity of the gel strands.

3 Results

3.1 Gel Swelling as a Function of pH and Salt Concentra-

tion

Figure 3: The equilibrium swelling ratio as a function of the reservoir pH as obtained from

the simulations at various salt concentrations.

In Figure 3 we plot of the volume-based swelling ratio as a function of pHres, ob-

tained from the simulations at various salt concentrations cres
NaCl

. The observed trend

qualitatively agrees with the trends observed in earlier theoretical13,14 and experimen-

tal9,10 studies: The swelling ratio initially increases as the pH is increased, reaching a

plateau at pHres � pKA, which in our case occurs at pHres ⇡ 8. This increase in the

swelling ratio is due to two distinct contributions. Firstly, as the degree of ionization of

the acid monomers increases with increasing pH, the number of counterions in the gel

10



Experiment vs Simulations
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Comparison of the volume-based swelling ratio against experimental data from Tang et al. 
(shaded area)

Figure 3: Plot of the volume-based swelling ratio as a function of the reservoir pH. The

reference state is given by cres
NaCl

= 10mM and pH
res = 11.

3 Results

3.1 Swelling Behaviour

To quantify the swelling behaviour of the hydrogel, we define the volume-based swelling

ratio Q ⌘ V/Vref where Vref is an arbitrary reference volume. In general, one may choose

any reference state. We choose cres
NaCl

= 10mM and pHres = 11, because we expect

our model to work best at low salt and polymer concentrations. This is due to the

fact that the chemical non-specificity of our coarse-grained model matters less at low

concentrations. Thus, when later plotting the experimentally determined swelling ratio

with the same reference state, we match simulation and experiment at cres
NaCl

= 10mM

and pHres = 11. Note that this amounts to a single free parameter of our simulation

model.

The free swelling equilibrium of the gel is mainly determined by the osmotic pressure

of the small ions and the electrostatic interactions. Because the osmotic pressure,

Donnan partitioning, ionization degree of the gel and pH are mutually coupled, there

11
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Experiment vs Simulations
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Ionization degree of the gels at various values of the reservoir salt concentration cres : 
(a): as a function of the pH in the reservoir; (b): as a function of the pH inside the gel. 

tribute these discrepancies to the lack of chemical specificity in our coarse-grained model

which becomes important at low swelling of the gels because of the higher density of

monomers. Nevertheless, as long as the gel swelling is sufficiently high, and electrostatic

interactions dominate, our simulations well reproduce the experimental observations.

3.2 Ionization Degree of the Gels at Various pH and Salt

a) b)

Figure 5: Ionization degree of the gels at various values of the reservoir salt concentration

cres
NaCl

: (a): as a function of the pH in the reservoir; (b): as a function of the pH inside the

gel.

Intuitively, it is clear that a change in the swelling as a function of pH is coupled

to changes in the degree of ionization, however, the latter if not directly accessible in

experiments. Therefore, changes in the degree of ionization as a function of pH have

been often inferred indirectly from the swelling response of the gels. In contrast with

that, we can directly measure the degree of ionization of the gel in our simulations

at the swelling equilibrium. In Figure 5a, we observe that the degree of ionization of

the gel as a function of pH in the reservoir significantly deviates from the ideal result,

12

described by the Henderson-Hasselbalch equation. The simulated curves are shifted to

higher values of pHres, which can be interpreted as an increase in the effective pKA

of the gel, as compared to the free monomers. For example, the gel attains a value

of ↵ = 0.5 at pH ⇡ 6, as compared to pH = 4.25 for the ideal curve. Alternatively,

one may regard the ionization of the gel as being strongly suppressed compared to

the Henderson-Hasselbalch result. In addition, the deviations of the simulation results

from the ideal HH result decrease as the salt concentration in the reservoir, cres
NaCl

, is

increased. In the preceding publication33, we have shown that these deviations can be

caused by two distinct effects: 1. the “Donnan effect”, caused by the partitioning of

H+ which leads to a difference of the pH inside the gel and in the reservoir; 2. the

“polyelectrolyte effect”, caused by the electrostatic repulsion between monomers along

the same chain. Because the Donnan effect is solely due to the Donnan partitioning, it

can also be observed in ideal gel models with Donnan partitioning. To quantitatively

distinguish the influence of the two effects on the degree of ionization of the gel, we

effectively subtract the Donnan effect by plotting the degree of ionization as a function

of the pH inside the gel, which we approximate as33

pHgel ⇡ pHres � log10(c
gel

H+/c
res

H+) = pHres � log10(c
gel

Na
+/c

res

Na
+). (11)

In Figure 5b we show that the shift from the ideal curve becomes slightly smaller after

subtracting the Donnan effect. All remaining deviations are solely due to the interac-

tions, i.e. the poylelectrolyte effect. A comparison of Figure 5a and Figure 5b thus

reveals that the polyelectrolyte effect is the dominating contribution for the present

system. This comparison contrasts with a similar comparison performed in our preced-

ing publication on the swelling of weak polyelectrolyte hydrogels,33 where we observed

that the swelling is either dominated by the Donnan effect or both effects are compa-

rable in magnitude. The only difference between our current simulations and those in

the preceding study consists in the structure of the simulated gels. In the preceding

work, all monomers in the gels were weakly acidic whereas in the current work the gel

13

Donnan plus PE effect Pure PE effect



Physical Gels with Ionic Bonds
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4-Arm PE-Stars: Can they form Gels?

43

Model
experiment:

I quenched polycation:

I weak polyampholyte:

(figures by Peter Mons)

simulation:

I bead-spring model of polymer chain

I ions explicit, solvent continuum

I Coulomb & excluded-volume interactions

I neutral: (PEG)55 7! (PEG)
eff.
25

I anion: (PDha)3�10 7! (PDha)5

I cation: (qPDMAEA)7 7! (qPDMAEA)5

Roman Staňo (romanstano59@gmail.com) FOR2811 project meeting 9th Oct 2020 3 / 11



Simulation Set-Up

44

Method

I Grand-reaction Monte Carlo method

(Landsgesell et. al., Macromolecules (2020))

I salt exchanges with the reservoir

I ionization reaction of PDha

I key assumptions:

I chemical equilibrium

I macrophase of gel and supernatant

input: cresNaCl, pH
res

output: csysNaCl, pH
sys
, �sys

mon., . . . ,

. . . , equilibrium structure

⇠ 28 nm ⇠ 30 nm

Roman Staňo (romanstano59@gmail.com) FOR2811 project meeting 9th Oct 2020 4 / 11



Is there a Stable Macrophase?

45

I.) There is a stable macrophase in eq. with supernatant

phase equilibrium requirements:

1. chem. potentials of small ions

µsys
i = µres

i

2. equality of osmotic pressures:

P sys
= P res

solution:

1. secured by G-RxMC algorithm

2. construction of a PV -curve
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Answer: YES



Is the Phase Sol or Gel?

46

II.) Is the phase sol or gel?

pH
res ⇡ 10.0 pH

res ⇡ 11.9

isolated clusters percolated network
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the phase is a single network at pH & 10.7 and sol at pH . 10.3
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The phase is a single network at pH >10.7 and sol at pH <10.3



Influence of Salt

47

V.) Salt and electrostatic screening

cresNaCl ⇡ 371.0 mM cresNaCl ⇡ 13.1 mM

isolated clusters percolated network
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 cres
NaCl

371.0
156.9
 44.9
 13.1
  4.0

the salt a↵ects the gel weakly at cresNaCl . 157 mM

and dissolves the gel at cresNaCl & 371 mM
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Cross links are transient and reversibleIII.) Cross-links are transient and gel is reversible

I pairs of arms the most prevalent

I star binds ⇠ 3 stars on average

I ⇠ 20% of arms dangling

I cross-links dissolving and re-forming

I & 90% of dissolutions lead to a

re-association

I . 10% of dissolutions lead to a change

of the binding partner
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Intermediate Conclusion 4-Arm PE Stars

49

• There is a stable dense macrophase of polymer in equilibrium with
supernatant: sol at 10.0 < pHres < 10.3 and gel at pHres > 10.7 

• Cross-links are transient, the gel is permanently reforming and is
reversible

• Ionization response of PDha in the presence of qPDMAEA is
apparently ideal due to the cancellation of non-ideal effects

• Salt affects the gel weakly at cres <157 mM and dissolves the gel
at cres > 371 mM NaCl 

• R Staňo et al., Electrostatically Cross-Linked Reversible Gels—Effects of pH and Ionic Strength, Macromolecules

54, (4769-4781) 2021.

• A Tagliabue et al., Can oppositely charged polyelectrolyte stars form a gel? A simulational study, Soft Matter 17
(1574-1588) 2021.



Vilgis, 
Johner, 
Joanny, 
Eur.Phys.J. E 3, 
237-255 (2000).

NM = 479, 
f = 1/3,
lB = 1.5s

Poor Solvent Hydrogels
weak electrostatics forms pearl-necklace structure:
pearls predicted by theorists were also found for single PEs



strong electrostatics causes “sausage”-like structures:

• caused by condensing counterions
• pearl–pearl repulsion gets screened
• pearls coalesce, strings vanish
• smaller f leads to thicker structures

f = 1/4, lB = 3.0s

f = 1/3, lB = 5.0s f = 1/2, lB = 6.0s

Poor Solvent Hydrogels



Structure Factor

layer of condensed counterions that gives the
characteristic pearl size? 

CsPSS used (® larger counterions than Na)
– second maximum in the  structure factor

Jérôme Combet, Michel Rawiso, François Boué,
Institut Charles Sadron, Strasbourg, France
Laboratoire Léon Brillouin, Gif sur Yvette, France
Private communication
(2005).

Recent X-ray Experiments: detection of  pearl necklaces?



– SimulaGons show the same behavior

Jérôme Combet, Michel Rawiso, François Boué,
Institut Charles Sadron, Strasbourg, France
Laboratoire Léon Brillouin, Gif sur Yvette, France
Private communication
(2005).

– second maximum in the simulation denotes

pearl size (i.e. smaller for larger  lB )

q [s-1]

S(
q)

Structure Factor



For single chains the following
phase behavior was found:

For charged hydrogels the 
phases shift, most “globules” vanish:

Limbach, Holm, J.Chem.Phys. B 107, 8041-8055 (2003).                           

Poor Solvent Hydrogels

Mann, Holm, Kremer, Macromolecular Symposia, Volume 237, Issue 1, 90, (2006).





Conclusion

n Hydrogels swell due to pressure of couterions
n Simulations and theory on model networks can provide

microscopic insights on different level of resolutions
n Adapt method to your question
n Gain insights into swelling, mechanical moduli, ion

distributions and partitioning
n PE networks in poor solvent show necklaces
n Similarities to single chain poor solvent PE 

conformational behavior is found
56
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